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We realize all irreducible unitary representations of the 
group SO0(n + 1, 1) on explicit Hilbert spaces of vector
valued L2-functions on Rn \ {0}. The key ingredient in our 
construction is an explicit expression for the standard Knapp--
Stein intertwining operators between arbitrary principal series 
representations in terms of the Euclidean Fourier transform 
on a maximal unipotent subgroup isomorphic to Rn. 
As an application, we describe the space of Whittaker 
vectors on all irreducible Casselman–Wallach representations. 
Moreover, the new realizations of the irreducible unitary 
representations immediately reveal their decomposition into 
irreducible representations of a parabolic subgroup, thus 
providing a simple proof of a recent result of Liu–Oshima--Yu.
© 2026 The Author(s). Published by Elsevier Inc. This is an 

open access article under the CC BY license (http://
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0. Introduction

The unitary dual ˆ︁G of a Lie group G is the set of equivalence classes of its irreducible 
unitary representations. While the unitary dual of general Lie groups, in particular of 
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most semisimple groups, is still not completely known, there are some subclasses of 
groups where we have a full description. The topic of this paper is the unitary dual of 
the indefinite orthogonal group G = SO0(n + 1, 1), n > 1, which has been known since 
the 1960s by the work of Hirai [8] (see also [1,2,17] for alternative approaches).

Although a unitary representation of G is a representation on a (typically infinite
dimensional) Hilbert space, many of the irreducible unitary representations are con
structed by completing a representation of the Lie algebra 𝔤 of G with respect to an 
algebraically defined inner product. This makes the Hilbert space on which the group 
acts a rather abstract object. However, when studying analytic problems in representa
tion theory such as branching problems where restricted representations are decomposed 
into direct integrals of Hilbert spaces, it is of utmost importance to have a more intrinsic 
understanding of the Hilbert spaces on which the representations are realized (see e.g. 
[14]).

The goal of this paper is to provide such realizations for all irreducible unitary rep
resentations of G. Every such representation can be realized as a subrepresentation of 
a principal series representation induced from a finite-dimensional representation of a 
parabolic subgroup P of G. Those principal series representations which are induced from 
unitary representations of P are by construction unitary with respect to a natural L2
inner product, so the corresponding Hilbert space is a space of (possibly vector-valued) 
L2-functions. But there exist principal series representations induced from non-unitary 
representations of P or even subrepresentations thereof which carry a more involved 
invariant inner product given in terms of the standard Knapp–Stein intertwining oper
ators. What makes the corresponding Hilbert spaces more delicate is the fact that the 
inner product is given in terms of convolution with a possibly singular operator-valued 
integral kernel. A priori it is not even clear whether the resulting Hermitian forms are 
positive (semi)definite.

The key idea is to turn the complicated convolution type Hermitian forms into more 
accessible ones by applying a Fourier transform. More precisely, the principal series rep
resentations can be realized in the so-called non-compact picture on a space of (possibly 
vector-valued) functions on a maximal unipotent subgroup N ≃ Rn. In these coordi
nates, the Knapp–Stein operators are convolution operators, so the Euclidean Fourier 
transform turns them into operator-valued multiplication operators. The main result of 
this paper is an explicit expression for these multiplication operators in terms of their 
eigenspaces and eigenvalues. The unitarity question then translates to the simple ques
tion of positivity of these eigenvalues, and the corresponding Hilbert spaces are L2-spaces 
of functions with values in the corresponding eigenspaces.

The idea of utilizing the Fourier transform (or the related Laplace transform) for 
such problems is certainly not new, see e.g. [3--6,9,10,14--16,18]. However, so far it has 
mostly been applied to principal series representations induced from one-dimensional 
representations. Since most of the representations in the unitary dual of G are contained 
in principal series representations induced from higher-dimensional representations of P , 
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we have to deal with vector-valued functions and operator-valued integral kernels, making 
the analysis much more subtle.

We now give a more detailed description of our results.

Principal series representations and intertwining operators Let G = SO0(n+ 1, 1), the 
identity component of the group of real matrices of size n + 2 preserving the standard 
quadratic form of signature (n+1, 1). The stabilizer P in G of the isotropic line through 
(0, . . . , 0, 1, 1) ∈ Rn+2 is a parabolic subgroup and has a decomposition into P = MAN

with M ≃ SO(n), A ≃ R+ and N ≃ Rn. For every irreducible representation (σ, Vσ) of 
M and for every (not necessarily unitary) character eλ parameterized by λ ∈ C we form 
the induced representation (smooth normalized parabolic induction)

πσ,λ = IndG
P (σ ⊗ eλ ⊗ 1)

of G. The quotient G/P contains an open dense subset isomorphic to a unipotent 
subgroup N ≃ Rn opposite to N , so by restriction we can realize πσ,λ on a space 
Iσ,λ ⊆ C∞(Rn, Vσ) of Vσ-valued smooth functions on Rn, the so-called non-compact 
picture. An alternative way of viewing these representations is via conformal geometry: 
the group G acts on Rn via conformal rational linear transformations and (πσ,λ, Iσ,λ) is 
the corresponding family of multiplier representations on Vσ-valued functions on Rn.

For λ ∈ iR, the character eλ is unitary and πσ,λ extends to a unitary representation 
of G on L2(Rn, Vσ) which is always irreducible, forming the so-called unitary principal 
series. While this Hilbert space is rather explicit, the Hilbert space completion of other 
representations πσ,λ and their subrepresentations/quotients is more involved. First, for 
every self-dual representation σ of M , there is an explicit constant aσ > 0 such that 
πσ,λ (with λ ∈ R) is irreducible and unitarizable if and only if λ ∈ (−aσ, aσ). These 
representations form the complementary series and their invariant inner product can be 
written as

Iσ,λ × Iσ,λ → C, (f1, f2) ↦→
∫︂
Rn

∫︂
Rn

⟨f1(x),Kσ,λ(x− y)f2(y)⟩σ dx dy, (0.1)

where

Kσ,λ(x) = const × |x|2λ−nσ

(︃
In − 2 xxt

∥x∥2

)︃
∈ End(Vσ) (x ∈ Rn \ {0}).

Here we extend the self-dual irreducible representation σ of M ≃ SO(n) to O(n) and 
note that In − 2xxt/∥x∥2 ∈ O(n) for every x ∈ Rn \ {0}. (Such an extension is unique 
up to twisting by the determinant character, so the above expressions only differ by a 
sign.) Moreover, the constant in Kσ,λ(x) can be chosen such that Kσ,λ forms a family 
of distributions in 𝒮 ′(Rn) ⊗ End(Vσ) which depends holomorphically on λ ∈ C and is 
nowhere vanishing. We remark that it is a priori not clear that Kσ,λ is positive definite 
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for λ ∈ (−aσ, aσ), and there is no obvious explicit description of the Hilbert space 
completion of Iσ,λ ⊆ C∞(Rn) ⊗ Vσ with respect to the corresponding inner product 
(unless λ = 0 where Kσ,λ(x) = const × δ(x) · idVσ

).
The kernels Kσ,λ ∈ 𝒮 ′(Rn) ⊗ End(Vσ) arise from a family of intertwining operators 

Aσ,λ : Iσ,λ → Iσ,−λ (again σ is assumed to be self-dual) in the sense that

Aσ,λf(x) =
∫︂
Rn

Kσ,λ(x− y)f(y) dy (f ∈ Iσ,λ, x ∈ Rn),

the integral meant in the distribution sense. All other irreducible unitary representations 
of G can be obtained as (one of at most two direct summands of) the kernel or image of 
Aσ,λ and the invariant inner product is given by a similar expression as above, possibly 
regularized in λ.

The Fourier transform of intertwining operators The main result of this paper is a 
more accessible formula for the kernels Kσ,λ ∈ 𝒮 ′(Rn) ⊗ End(Vσ) and hence for the 
intertwining operators Aσ,λ in terms of the Euclidean Fourier transform. To state this 
formula, we first observe that the stabilizer Mξ of ξ ∈ Rn \ {0} in M is isomorphic to 
SO(n−1). By the classical branching rules for the pair of groups (SO(n),SO(n−1)), the 
restriction of σ to Mξ decomposes into a multiplicity-free finite direct sum of irreducible 
representations τ of Mξ. We write

Vσ =
⨁︂
τ∈ˆ︂Mξ

Wτ (ξ) (ξ ∈ Rn \ {0})

for the corresponding decomposition of the representation space Vσ, indicating its de
pendence of ξ. Note that since any two stabilizers Mξ are conjugate, we can use the same 
parametrization of the representations τ for all ξ.

Theorem A (see Theorem   3.4). Let σ ∈ ˆ︂M be self-dual. The Euclidean Fourier transform ˆ︁Kσ,λ of Kσ,λ ∈ 𝒮 ′(Rn) ⊗ End(Vσ) is smooth on Rn \ {0} and given by

ˆ︁Kσ,λ(ξ) = ∥ξ∥−2λ
∑︂
τ

bσ,λ(τ) · prWτ (ξ) ∈ End(Vσ) (ξ ∈ Rn \ {0}), (0.2)

with scalars bσ,λ(τ) given explicitly in (3.8) in terms of the highest weights of σ and τ .

In the special case Vσ =
⋀︁p Cn, this formula was previously obtained in [7] and [12] 

(see Remark 3.6 for details).
Applying the Plancherel Formula for the Euclidean Fourier transform as well as the 

fact that the Fourier transform turns a convolution into a multiplication, (0.2) allows us 
to rewrite the invariant inner product (0.1) as
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(f1, f2) ↦→
∑︂
τ

bσ,λ(τ)
∫︂

Rn\{0}

⟨prWτ (ξ)
ˆ︁f1(ξ),prWτ (ξ)

ˆ︁f2(ξ)⟩σ∥ξ∥−2λ dξ. (0.3)

The scalars bσ,λ(τ) turn out to be positive for all τ if and only if λ ∈ (−aσ, aσ), so 
we obtain a new proof for the existence of the complementary series together with an 
explicit description of the Hilbert space completion as the Fourier transform of a weighted 
vector-valued L2-space:

Corollary B (see Theorem   3.9 (2)). Let σ ∈ ˆ︂M be self-dual. The Hilbert space completion 
of the complementary series representation Iσ,λ, λ ∈ (−aσ, aσ), is⎧⎪⎨⎪⎩f ∈ 𝒮 ′(Rn) ⊗ Vσ :

∑︂
τ

bσ,λ(τ)
∫︂

Rn\{0}

∥prWτ (ξ)
ˆ︁f(ξ)∥2

σ∥ξ∥−2λ dξ < ∞

⎫⎪⎬⎪⎭ . (0.4)

Irreducible subrepresentations and quotients By Theorem A, we obtain the following 
explicit expression for the Fourier transform of the intertwining operator Aσ,λ : Iσ,λ →
Iσ,−λ:

ˆ︂Aσ,λf(ξ) = ∥ξ∥−2λ
∑︂
τ

bσ,λ(τ) · prWτ (ξ)
ˆ︁f(ξ) (f ∈ Iσ,λ, ξ ∈ Rn \ {0}). (0.5)

All other irreducible unitary representations of G arise as (one of at most two direct 
summands of) the kernel of Aσ,λ for self-dual σ ∈ ˆ︂M and λ ∈ R (see Proposition 3.7 for 
the precise statement). The kernel of Aσ,λ is

kerAσ,λ =
{︂
f ∈ Iσ,λ : ˆ︁f(ξ) ∈

⨁︂
τ :bσ,λ(τ)=0

Wτ (ξ) for all ξ ∈ Rn \ {0}
}︂
.

The invariant inner product on the unitarizable subrepresentations is given by a similar 
formula as in (0.3) and the corresponding Hilbert space completion is again the Fourier 
transform of a weighted vector-valued L2-space:

Corollary C (see Theorem   3.9 (3) and (4)). If the subrepresentation kerAσ,λ of Iσ,λ is 
unitarizable, then the invariant inner product is given by

(f1, f2) ↦→
∑︂

τ :bσ,λ(τ)=0

1 
bσ,−λ(τ)

∫︂
Rn\{0}

⟨prWτ (ξ)
ˆ︁f1(ξ),prWτ (ξ)

ˆ︁f2(ξ)⟩σ∥ξ∥−2λ dξ

and the corresponding Hilbert space completion equals{︄
f ∈ 𝒮 ′(Rn) ⊗ Vσ :

ˆ︁f(ξ) ∈
⨁︁

τ :bσ,λ(τ)=0 Wτ (ξ) for all ξ ∈ Rn \ {0} and∑︁
τ :bσ,λ(τ)=0 bσ,−λ(τ)−1 ∫︁

Rn\{0} ∥prWτ (ξ)
ˆ︁f(ξ)∥2

σ∥ξ∥−2λ dξ < ∞

}︄
.

(0.6)
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We remark that our results can easily be translated to the disconnected groups SO(n+
1, 1) and O(n+1, 1). However, we chose to work with the connected group G = SO0(n+
1, 1) since here both the maximal compact subgroup K, the Levi factor M and the 
stabilizers Mξ are connected and hence their irreducible representations are parametrized 
in terms of their highest weights.

Applications to branching laws and Whittaker vectors Applying the Euclidean Fourier 
transform to Iσ,λ and its unitarizable subrepresentations yields new realizations for all 
irreducible unitary representations of G on weighted vector-valued L2-spaces. In these 
realizations, the action of the parabolic subgroup P opposite to P is particularly simple. 
This allows us to immediately deduce the decomposition of the restriction of these unitary 
representations to P into irreducibles. In this way, we obtain a new and direct proof for 
the branching laws obtained by Liu–Oshima--Yu [13] (see Corollary 4.2).

Moreover, restricting even further to the unipotent subgroup N , we can use these new 
models to describe the space of Whittaker vectors on all Casselman–Wallach representa
tions of G. In fact, by the theory of Jacquet integrals (see e.g. [19, Theorem 15.4.1]), it is 
known that the space of Whittaker vectors on Iσ,λ is naturally isomorphic to V ′

σ. What 
is more difficult to describe is which Whittaker vectors factor through a quotient of Iσ,λ
resp. restrict to non-zero Whittaker vectors on a subrepresentation. Corollary 4.5 gives 
a precise answer to this question for all irreducible subrepresentations and quotients of 
Iσ,λ and also identifies the structure of the space of Whittaker vectors as a representa
tion of the stabilizer in M of the respective character of N . These results hold without 
the assumption on σ to be self-dual, so they include indeed all irreducible admissible 
representations by the Casselman Embedding Theorem. We note that these results can 
also be obtained using the machinery developed in [13] (see e.g. [13, Remark 3.5]). Our 
proof seems to be more direct and also relates the Whittaker vectors to the classical 
Jacquet integrals.

Idea of the proof Instead of trying to compute the Fourier transform ˆ︁Kσ,λ(ξ) directly 
(which seems to be difficult in general), we make use of the intertwining properties of 
Aσ,λ. More precisely, using the fact that Aσ,λ is intertwining for the action of P we first 
conclude that ˆ︁Kσ,λ(ξ) has to be of the form in (0.2) for some scalars bσ,λ(τ). Then we 
study in detail the Fourier transform of the Lie algebra action of 𝔫 to show a recurrence 
relation for the scalars bσ,λ(τ), thus determining them up to a holomorphic and nowhere 
vanishing function in λ. This last step is inspired by the technique developed in [1].

Acknowledgments The first named author was supported by a research grant from the 
Aarhus University Research Foundation (Grant No. AUFF-E-2022-9-34). The second and 
third named authors were supported by a research grant from the Villum Foundation 
(Grant No. 00025373). The third named author would like to thank Santosh Nadimpalli 
for inspiring discussions about Whittaker vectors on subrepresentations and quotients.
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1. The unitary dual of rank one orthogonal groups

We recall from the literature the classification of all irreducible unitary representations 
of the group G = SO0(n + 1, 1) in terms of the irreducible admissible representations 
and intertwining operators between them. We assume throughout the whole paper that 
n > 1 since for n = 1 the group G is isomorphic to PSL(2,R) whose representation 
theory is well understood.

1.1. Groups and decompositions

Let G = SO0(n + 1, 1) denote the identity component of the group of all matrices in 
GL(n + 2,R) that leave the quadratic form

Rn+2 → R, x ↦→ xtIn+1,1x, In+1,1 = diag(1, . . . , 1,−1),

invariant. We fix the Cartan involution θ(g) = (gt)−1 on G and denote the corresponding 
involution on 𝔤 = Lie(G) by the same letter. Then 𝔤 decomposes into the +1 and −1
eigenspaces 𝔨 and 𝔭 of θ on 𝔤:

𝔤 =
{︃(︃

A b
bt 0

)︃
| A ∈ 𝔰𝔬(n + 1), b ∈ Rn+1

}︃
=
{︃(︃

A 0
0 0

)︃
∈ 𝔤

}︃
⊕
{︃(︃

0 b
bt 0

)︃
∈ 𝔤

}︃
= 𝔨⊕ 𝔭.

We choose the maximal abelian subalgebra 𝔞 := RH0 of 𝔭, where H0 := En+1,n+2 +
En+2,n+1 with Ei,j denoting the (n + 2) × (n + 2)-matrix whose (i, j)-entry is equal to 
1 and which is zero everywhere else. The root system for (𝔤, 𝔞) consists of the roots ±γ, 
with γ ∈ 𝔞∗C such that γ(H0) = 1. We denote the corresponding root spaces by

𝔫 := 𝔤γ , 𝔫 := 𝔤−γ = θ𝔫

and write N := exp(𝔫), N := exp(𝔫) = θN . Choosing +γ as the positive root, the half 
sum of positive roots with multiplicities is given by ρ = n

2 γ and 𝔫 = span{N1, . . . , Nn}, 
𝔫 = span{N1, . . . , Nn} with

Nj := Ej,n+1 −Ej,n+2 − En+1,j − En+2,j ,

N j := θ(Nj) = Ej,n+1 + Ej,n+2 − En+1,j + En+2,j .

For x ∈ Rn we set

nx := exp
(︃ n ∑︂

j=1 
xjNj

)︃
, nx := exp

(︃ n ∑︂
j=1 

xjN j

)︃
.
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Moreover, let K := Gθ ∼ = SO(n + 1) be the maximal compact subgroup of G consisting 
of the fixed points of θ and put

A := exp 𝔞 =
{︄(︄

In 0 0
0 cosh(t) sinh(t)
0 sinh(t) cosh(t)

)︄
| t ∈ R

}︄

M := ZK(𝔞) =
{︄(︄

A 0 0
0 1 0
0 0 1

)︄
| A ∈ SO(n)

}︄
∼ = SO(n).

Writing P for the minimal parabolic subgroup MAN we obtain the open dense Bruhat 
cell NP ⊂ G. For generic x, y ∈ Rn the element n−1

y nx is again contained in NP . In 
order to compute its decomposition as nzmetH0nw, we use the representative w0 :=
diag(−1, . . . ,−1, 1) of the non-trivial Weyl group element in the slightly bigger group 
O(n + 1, 1).

Lemma 1.1. For x ∈ Rn \ {0} we have w0nx = nymetH0ny with

y = − x 
∥x∥2 , m = 2 xxt

∥x∥2 − In ∈ O(n) ∼ = diag(O(n), 1, 1), t = 2 log∥x∥.

Proof. Note that

nx =

⎛⎝ In x −x

−xt 1 − ∥x∥2

2 
∥x∥2

2 
−xt −∥x∥2

2 1 + ∥x∥2

2 

⎞⎠ and nx =

⎛⎝ In x x

−xt 1 − ∥x∥2

2 −∥x∥2

2 
xt ∥x∥2

2 1 + ∥x∥2

2 

⎞⎠ .

The result now follows by straightforward calculations. □
Lemma 1.2. For x, y ∈ Rn with ∥x∥2y + x ̸= 0 we have n−1

y nx = nzmetH0n1 ∈ NP with

z = ∥x∥2(x + ∥x∥2y)
∥x + ∥x∥2y∥2 , m =

(︃
2(x + ∥x∥2y)(x + ∥x∥2y)t

∥x + ∥x∥2y∥2 − In

)︃(︃
2 xxt

∥x∥2 − In

)︃
,

t = 2 log ∥x + ∥x∥2y∥
∥x∥ 

and some n1 ∈ N .

Proof. We first write n−1
y nx = w0(w0n−yw0)w0nx = w0n−yw0nx. By Lemma 1.1 we 

write w0nx = nvmetH0nv so that n−1
y nx = w0nv−ymetH0nv. Using Lemma 1.1 again we 

write w0nv−y = nzm̃et̃H0nz with

z = − v − y 
∥v − y∥2 = −

− x 
∥x∥2 − y 

∥− x 
∥x∥2 − y∥2 = ∥x∥2(x + ∥x∥2y)

∥x + ∥x∥2y∥2 ,
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m̃ = 2

(︂
x 

∥x∥2 + y
)︂(︂

x 
∥x∥2 + y

)︂t

∥ x 
∥x∥2 + y∥2 − In

and t̃ = 2 log∥ x 
∥x∥2 + y∥. Thus,

n−1
y nx = nzm̃et̃H0nzmetH0nv = nzm̃me(t̃+t)H0n1

for some n1 ∈ N . □
1.2. The principal series and intertwining operators

Identifying 𝔞∗C
∼ = C by λ ↦→ λ(H0), we define, for each λ ∈ 𝔞∗C, a character eλ on A by 

eλ(exp(tH0)) := etλ for t ∈ R. For σ ∈ ˆ︂M and λ ∈ 𝔞∗C we consider the principal series 
representation Ĩσ,λ induced from the character σ ⊗ eλ ⊗ 1 of P = MAN , i.e.

Ĩσ,λ := IndG
P (σ ⊗ eλ ⊗ 1)

=
{︂
f ∈ C∞(G,Vσ) | f(gman) = a−(λ+ρ)σ(m)−1f(g) ∀g ∈ G, man ∈ P

}︂
with the left-regular G-action π̃σ,λ.

For every σ ∈ ˆ︂M there exists a family of intertwining operators Ĩσ,λ → Ĩw0σ,−λ

depending meromorphically on λ ∈ C. These operators are given by a convergent integral 
for Re(λ) > 0 and can be extended to all λ ∈ C by normalizing with an appropriate 
gamma factor. To study unitarizability, it is sufficient to consider intertwining operators 
in the case where w0σ ≃ σ, and we construct the corresponding family of intertwining 
operators Ĩσ,λ → Ĩσ,−λ algebraically using the spectrum generating approach of [1]. We 
refer to this paper for the details of the construction and only state the results that we 
need.

We carry out the study of reducibility of Ĩσ,λ and the construction of intertwining 
operators in the compact picture. Restriction from G to K defines an isomorphism of 
Ĩσ,λ onto

Icptσ = {f ∈ C∞(K,Vσ) | ∀m ∈ M : f(km) = σ(m−1)f(k)}. (1.1)

This isomorphism becomes G-equivariant if we endow Icptσ with the action

πcpt
σ,λ(g)f(k) := a(g−1k)−(λ+ρ)f(k(g−1k)) (g ∈ G, k ∈ K, f ∈ Icptσ (λ)),

where a(g) resp. k(g) denote the A- resp. K-component in the Iwasawa decomposition of 
g ∈ G. The realization on Icptσ is called the compact picture. The restriction of πcpt

σ,λ to K
is the left regular representation of K on Icptσ and hence independent of λ. By Frobenius 
reciprocity and the multiplicity-one property for the pair (K,M) = (SO(n+ 1),SO(n)), 
it decomposes into a multiplicity-free direct sum of K-types
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Icptσ = ˆ︁

⨁︂
α∈ˆ︂K
σ⪯α

Icptσ (α),

where we write σ ⪯ α if σ occurs in α|M . As usual, we parameterize α by its highest 
weight (α1, . . . , αm) ∈ Zm with α1 ≥ . . . ≥ αm ≥ 0 if n = 2m is even and α1 ≥ . . . ≥
αm−1 ≥ |αm| if n = 2m− 1 is odd. Then σ ⪯ α if and only if

α1 ≥ σ1 ≥ α2 ≥ σ2 ≥ . . . ≥ σm−1 ≥ αm ≥ |σm| if n = 2m, (1.2)

α1 ≥ σ1 ≥ α2 ≥ σ2 ≥ . . . ≥ σm−1 ≥ |αm| if n = 2m− 1, (1.3)

where (σ1, . . . , σm) resp. (σ1, . . . , σm−1) denotes the highest weight of σ ∈ ˆ︂M .
For the construction of intertwining operators, we assume that σm = 0 in the case 

where n = 2m, then w0σ ≃ σ and there exists a meromorphic family of intertwining op
erators (πcpt

σ,λ, I
cpt
σ ) → (πcpt

σ,−λ, I
cpt
σ, ). By Schur’s Lemma, every such intertwining operator 

acts by a scalar a(α) on each K-type Icptσ (α). In [1, Theorem 3.1] a meromorphic family 
of scalars which give rise to intertwining operators is determined:

a(α) =
m ∏︂

k=1

Γ(ρ + 1 − k + αk − λ) 
Γ(ρ + 1 − k + αk + λ) .

Note that for k = m = n+1
2 the parameter αm can be negative, but we can rewrite the 

corresponding factor

Γ(ρ + 1 −m + αm − λ) 
Γ(ρ + 1 −m + αm + λ) =

Γ(1
2 + αm − λ) 

Γ(1
2 + αm + λ)

=
Γ(1

2 + |αm| − λ) 
Γ(1

2 + |αm| + λ)

by the functional equation for the gamma function. Therefore, we can replace αk by |αk|
in the formula for a(α). Multiplying a(α) with the meromorphic function

1 
Γ(ρ + σ1 − λ)

m ∏︂
k=2

Γ(ρ + 1 − k + σk−1 + λ)
Γ(ρ + 1 − k + σk − λ) 

leads to the following holomorphic family of scalars

aσ,λ(α) = (ρ + σ1 − λ)α1−σ1

Γ(ρ + α1 + λ) 

m ∏︂
k=2

(ρ+1−k+σk−λ)|αk|−σk
(ρ+1−k+ |αk|+λ)σk−1−|αk|

(1.4)
where (x)n = Γ(x+n)

Γ(x) = x(x+ 1) · · · (x+n− 1) denotes the Pochhammer symbol. We let 
Aσ,λ : Icptσ → Icptσ denote the corresponding intertwining operator.
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1.3. The admissible dual

In this section we describe the irreducible subrepresentations and quotients of Ĩσ,λ. 
For the statement it is convenient to put σm+1 = 0 resp. σm = 0 in the case where 
n = 2m resp. n = 2m− 1.

Proposition 1.3. 

(1) The representation (πcpt
σ,λ, I

cpt
σ ) of G is reducible if and only if λ or −λ is contained 

in the set (ρ − a + N0) \ {ρ − k + |σk| : k = 1, . . . , a}, where a ∈ {0, 1, . . . , ⌊n2 ⌋} is 
minimal such that σa+1 = 0.

(2) For λ = ρ + |σ1| + j with j ∈ N0, there is a unique irreducible subrepresenta
tion ℑ(σ, 0, j) with K-types {α ⪰ σ : α1 > σ1 + j} and the corresponding quo
tient 𝔔(σ, 0, j) is also irreducible, finite-dimensional and realized on the K-types 
{α ⪰ σ : α1 ≤ σ1 + j}. If σm = 0, then ℑ(σ, 0, j) is the kernel of Aσ,λ.

(3) For λ = ρ− i + |σi+1| + j with 1 ≤ i < m and 0 ≤ j < σi − |σi+1| we have:

(i) If i ̸= n−1
2 , then there is a unique irreducible subrepresentation ℑ(σ, i, j) of 

(πcpt
σ,λ, I

cpt
σ ) with K-types {α ⪰ σ : αi+1 > |σi+1| + j}. The corresponding 

quotient 𝔔(σ, i, j) is also irreducible and realized on the K-types {α ⪰ σ :
αi+1 ≤ |σi+1| + j}. If σm = 0, then ℑ(σ, i, j) is the kernel of Aσ,λ.

(ii) If i = n−1
2 , then the kernel of Aσ,λ is the direct sum of the two irreducible 

subrepresentations ℑ(σ, i, j)± with K-types {α ⪰ σ : ±αi+1 > j}. The cor
responding quotient 𝔔(σ, i, j) is also irreducible and realized on the K-types 
{α ⪰ σ : |αi+1| ≤ j}.

We summarize the key observations from [1, (2.13), Section 3.a and Remark 3.2] that 
are necessary to prove this result:

(A) Applying dπcpt
σ,λ(𝔤) to a K-type Icptσ (α) maps into the direct sum of the K-types 

Icptσ (β) for β ∈ {α} ∪ {α± ek : k = 1, . . . ,m}.
(B) For β = α + ek resp. β = α − ek, the K-type Icptσ (β) is in fact contained in the 

image of Icptσ (α) under dπcpt
σ,λ(𝔤) if and only if

c+k (λ, α) = ρ+1−k+αk +λ ̸= 0 resp. c−k (λ, α) = ρ−k+αk−λ ̸= 0. (1.5)

(C) Let V ⊆ (πcpt
σ,λ, I

cpt
σ ) be a subrepresentation. If n = 2m and σm ̸= 0, then there 

is no non-trivial intertwining operator V → (πcpt
σ,−λ, I

cpt
σ ). In all other cases a map 

A : V → (πcpt
σ,−λ, I

cpt
σ ) is intertwining if and only if it is given by a scalar a(α) on 

each K-type Icptσ (α) ⊆ V and the scalars {a(α)}α satisfy the following recurrence 
relation whenever both α and α + ek are K-types of V :

(ρ + 1 − k + αk + λ) · a(α + ek) = (ρ + 1 − k + αk − λ) · a(α).
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Observation (B) implies in particular that πσ,λ can only be reducible if λ − ρ ∈ Z. 
Since πσ,λ and πσ∗,−λ are dual to each other, it is sufficient to consider the case λ ≥ 0. 
We treat the cases λ ≥ ρ + |σ1| and 0 ≤ λ < ρ + |σ1| separately.

Lemma 1.4. Let λ = ρ + |σ1| + j for some j ∈ N0. Then (πcpt
σ,λ, I

cpt
σ ) has a unique 

irreducible subrepresentation ℑ(σ, 0, j) realized on the K-types {α ⪰ σ : α1 > |σ1| + j}
and the quotient 𝔔(σ, 0, j) = Icptσ /ℑ(σ, 0, j) is irreducible and finite-dimensional with K
types {α ⪰ σ : α1 ≤ |σ1| + j}. Moreover, if σm = 0 then ℑ(σ, 0, j) is the kernel of the 
intertwining operator Aσ,λ and 𝔔(σ, 0, j) is isomorphic to its image.

Proof. Using the inequalities in (1.2) and (1.3) one can show that c+k (λ, α) > 0 for all 
k = 1, . . . ,m and all α ⪰ σ. Moreover,

c−k (λ, α) = −k + αk − |σ1| − j

{︄
≤ −k − j < 0 for k > 1,
= −1 + α1 − |σ1| − j for k = 1.

It follows that c−k (λ, α) = 0 if and only if k = 1 and α1 = |σ1|+j+1. This shows the first 
claim. For the second claim it suffices to observe that the only factor in (1.4) which can 
vanish is (ρ + σ1 − λ)α1−σ1 = (−j)α1−σ1 , and it vanishes if and only if α1 − σ1 > j. □

We now discuss the case 0 ≤ λ < ρ + |σ1|.

Lemma 1.5. Let 0 ≤ λ < ρ + |σ1|. Then (πcpt
σ,λ, I

cpt
σ ) is reducible if and only if λ =

ρ− i + |σi+1| + j for some 1 ≤ i ≤ m− 1 with 0 ≤ j < σi − |σi+1|.

(i) If i ̸= n−1
2 , then (πcpt

σ,λ, I
cpt
σ ) has a unique irreducible subrepresentation ℑ(σ, i, j)

realized on the K-types {α ⪰ σ | αi+1 > |σi+1| + j}. The corresponding quotient 
𝔔(σ, i, j) is also irreducible and realized on the K-types {α ⪰ σ : αi+1 ≤ |σi+1| + j}. 
Moreover, if σm = 0 then ℑ(σ, i, j) is the kernel of the intertwining operator Aσ,λ

and 𝔔(σ, i, j) is isomorphic to its image.
(ii) If i = n−1

2 , then (πcpt
σ,λ, I

cpt
σ ) has two irreducible subrepresentations ℑ(σ, n−1

2 , j)
±

realized on the K-types {α ⪰ σ : ±αi+1 > j}. The corresponding quotient 𝔔(σ, i, j)
is also irreducible and realized on the K-types {α ⪰ σ : |αi+1| ≤ j}. Moreover, the 
direct sum ℑ(σ, n−1

2 , j)
+ ⊕ ℑ(σ, n−1

2 , j)
− is the kernel of the intertwining operator 

Aσ,λ and 𝔔(σ, i, j) is isomorphic to its image.

Proof. We first note that for 0 ≤ λ < ρ+ |σ1| and α ⪰ σ with α+e1 ⪰ σ resp. α−e1 ⪰ σ

we have

c+1 (λ, α) = ρ+α1+λ ≥ ρ > 0 resp. c−1 (λ, α) = ρ−1+α1−λ > −1+α1−|σ1| > 0,
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so that there is no reducibility in the e1-direction. We therefore let 1 < k ≤ m = ⌊n+1
2 ⌋

and determine for which λ and α one cannot reach the K-type α± ek from α. Starting 
with α + ek, we find

c+k (λ, α) = ρ + 1 − k + αk + λ ≥ ρ + 1 − k + αk ≥ 1
2 + αk,

so we can only have c+k (λ, α) = 0 if αk is negative. This is only possible if n = 2m−1 is odd 
and k = m, and in this case c+m(λ, α) = 0 if and only if λ = −ρ−1+m−αm = −1

2 −αm. 
This produces the points of reducibility λ = 1

2 + j = ρ− (m− 1) + j with 0 ≤ j < σm−1

and the corresponding subrepresentation has K-types {α ⪰ σ : αm < −j}. On the other 
hand, we cannot reach α−ek from α if c−k (λ, α) = ρ−k+αk−λ = 0. This only happens 
if λ = ρ − k + αk, where σk−1 ≥ αk > |σk| (since α − ek is a K-type as well). Writing 
k = i+1 we obtain the points of reducibility λ = ρ−i+ |σi+1|+j with 0 ≤ j < σi−|σi+1|
and the corresponding subrepresentation has K-types {α ⪰ σ : αi+1 > |σi+1| + j}. 
With the convention that σm = 0 for n = 2m − 1 odd this implies the claims about 
subrepresentations and reducibility. 
We now show the claims about the kernel of the intertwining operator Aσ,λ using the 
explicit expression (1.4) for its eigenvalues. For 0 ≤ λ < ρ + |σ1| clearly the factors 
(ρ + |σ1| − λ)α1−|σ1| and Γ(ρ + α1 + λ)−1 are non-zero. Now let λ = ρ − i + |σi+1| + j

with 1 ≤ i < m and 0 ≤ j < σi − |σi+1|, then

(ρ + 1 − k + σk − λ)|αk|−σk
= (i + 1 − k + σk − |σi+1| − j)|αk|−σk

,

(ρ + 1 − k + |αk| + λ)σk−1−|αk| = (2ρ + 1 − i− k + |αk| + σi+1 + j)σk−1−|αk|.

The second term is always non-zero since i < m, k ≤ m, j ≥ 0 together with (1.2) for 
n = 2m even imply

2ρ + 1 − i− k + |αk| + σi+1 + j = n + 1 − i− k + |αk| + σi+1 + j > n + 1 − 2m ≥ 0.

The first term vanishes if and only if

i + 1 − k + σk − |σi+1| − j ≤ 0 and i + 1 − k + |αk| − |σi+1| − j > 0.

For i + 1 > k both terms are > 0 and for i + 1 < k both are < 0. For i + 1 = k

the first term is equal to 0 (hence in particular ≤ 0) and the second term is equal to 
|αi+1| − σi+1 − j which is > 0 if and only if |αi+1| > σi+1 + j. This shows that the 
kernel of Aσ,λ consists of the K-types {α ⪰ σ : |αi+1| > σi+1 + j}, so it equals ℑ(σ, i, j)
if i ̸= n−1

2 and ℑ(σ, i, j)+ ⊕ ℑ(σ, i, j)− if i = n−1
2 . □

Proof of Proposition 1.3. Combining Lemma 1.4 and 1.5 shows the statements. □
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1.4. The unitary dual

We now turn to the question of unitarity. For this, we first determine which of the 
irreducible subrepresentations and quotients are unitarizable. For the composition factors 
from Lemma 1.4 we find:

Lemma 1.6. ℑ(σ, 0, j) is unitarizable if and only if σ is trivial. 𝔔(σ, 0, j) is unitarizable 
if and only if it is the trivial representation, i.e., if σ = 0 and j = 0.

Proof. The existence of an invariant inner product on a subrepresentation V ⊆
(πcpt

σ,λ, I
cpt
σ ) is equivalent to the existence of an intertwining operator A : V → (πcpt

σ,−λ, I
cpt
σ )

whose eigenvalues a(α) on the K-types Icptσ (α) ⊆ V are all strictly positive (see e.g. [1, 
p. 203]). Let us first consider ℑ(σ, 0, j). If both α and α+ ek are K-types and k ≥ 2, we 
have by Observation C

a(α + ek)
a(α) = 1 − k + αk − σ1 − j 

n + 1 − k + αk + σ1 + j
< 0

since σ ⪯ α. Thus, every possible intertwining operator defined on ℑ(σ, 0, j) changes signs 
between α and α+ek, so ℑ(σ, 0, j) is not unitarizable in these cases. This situation never 
occurs if and only if either n = 2m and σ1 = . . . = σm or if n = 2m−1 and σ = (0, . . . , 0). 
For n = 2m there only exist intertwining operators if σm = 0 by Observation C, so for 
both even and odd n we can restrict to the case where σ = (0, . . . , 0) in which there 
exists a non-trivial holomorphic family Aσ,λ of intertwining operators (see Section 1.2) 
and hence, by regularization, a non-zero operator ℑ(σ, 0, j) → (πcpt

σ,−λ, I
cpt
σ ). In this case, 

only K-types of the form α = (j + 1 + ℓ)e1, ℓ ∈ N0, occur in ℑ(σ, 0, j) and we have

a((j + 2 + ℓ)e1)
a((j + 1 + ℓ)e1)

= 1 + ℓ 
n + 2j + 1 + ℓ

> 0 for all ℓ ≥ 0,

so that ℑ(σ, 0, j) is unitarizable in this case. Finally note that 𝔔(σ, 0, j) is finite dimen
sional, so it is unitarizable if and only if it is the trivial representation, i.e., if σ = 0 and 
j = 0. □

Next, we consider the composition factors from Lemma 1.5:

Lemma 1.7. Let λ = ρ − i + |σi+1| + j as in Lemma 1.5 and a = min{k : σk+1 = 0} =
max{k : σk ̸= σk+1}.

(i) ℑ(σ, i, j) is unitarizable if and only if σm = 0 and i = a,
(ii) 𝔔(σ, i, j) is unitarizable if and only if σm = 0, i = a and j = 0,
(iii) ℑ(σ, n−1

2 , j)
± is unitarizable for all j ≥ 0.
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Proof. First note that by Observation (C) we may assume σm = 0 if n = 2m. Using the 
same method as in the proof of Lemma 1.6, we have to check whether

a(α + ek)
a(α) = ρ + 1 − k + αk − λ 

ρ + 1 − k + αk + λ
> 0

whenever both α and α + ek are contained in the relevant composition factor. For the 
numerator we have

ρ+1−k+αk−λ = −(k−1)+ i+αk−|σi+1|−j

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
> 0 if i = k − 1 and αk > |σi+1| + j,

< 0 if i = k − 1 and αk < |σi+1| + j,

> 0 if i > k − 1,
< 0 if i < k − 1,

(1.6)
since, if i < k − 1 then σi+1 ≥ αk, and if i > k − 1 then αk ≥ σi > |σi+1|+ j. Moreover, 
for the denominator we find

ρ + 1 − k + αk + λ = n− i− (k − 1) + αk + |σi+1| + j{︄
< 0 if i = k − 1 = n−1

2 and − αk > |σi+1| + j + 1,
> 0 else,

(1.7)

since αk + |σi+1| + j ≥ 0 if k ̸= n+1
2 . For ℑ(σ, i, j) we have that (1.7) is always positive 

since i ̸= n−1
2 . To ensure that also (1.6) is positive for all α, α+ ek occurring in ℐ(σ, i, j)

we have to ensure that i < k − 1 is not possible. This is the case if and only if i is 
maximal such that σi ̸= σi+1. The other cases follow from similar considerations. □

Finally, we determine the possible complementary series:

Lemma 1.8. Let σ ∈ ˆ︂M and λ ∈ R. Then (πcpt
σ,λ, I

cpt
σ ) is irreducible and unitarizable (i.e. 

belongs to the complementary series) if and only if σm = 0 and

|λ| < ρ− a,

where a = max({k | σk ̸= σk+1 = 0} ∪ {0}) = min{k | σk+1 = 0}.

Proof. By [1, La. 5.2] we have complementary series representations for σm = 0 and

|λ| < min{c±k (0, α) : α, α± ek ⪰ σ}.

By (1.5) we thus have to minimize

|ρ− k + αk + 1|
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for σ ⪯ α + ek, α and 1 ≤ k ≤ m = ⌊n+1
2 ⌋. In all cases, this expression is minimal for 

k = a + 1 and αk = 0. □
We collect the results about unitarity in the following theorem. For simplicity, we put 

σ0 = ∞, then the unitarity results for i = 0 and i > 0 can be combined.

Theorem 1.9. For σ ∈ ˆ︂M let aσ = min{k : σk+1 = 0}. The unitary dual of G consists of 
the following representations:

• The unitary principal series Iσ,λ with σ ∈ ˆ︂M and λ ∈ iR.
• The complementary series Iσ,λ with σ ∈ ˆ︂M , σm = 0 and 0 < λ < ρ− aσ.
• The unitarizable subrepresentations ℑ(σ, aσ, j) resp. ℑ(σ, aσ, j)± with σm = 0, aσ ̸=

n+1
2 resp. aσ = n+1

2 and 0 ≤ j < σaσ
.

• The unitarizable quotients 𝔔(σ, aσ, 0) with σ ∈ ˆ︂M and σm = 0.

Proof. It follows from Observation B that the unitary principal series πcpt
σ,λ, λ ∈ iR, is 

always irreducible, and it is unitary with respect to the L2-inner product on L2(K)⊗Vσ. 
Together with the complementary series (see Lemma 1.8), these are all irreducible uni
tarizable principal series representations. The remaining representations in the unitary 
dual are to be found among the composition factors at points of reducibility λ ∈ R\{0}. 
By [1, Remarks 3.2 and 3.3], composition factors in the case where n = 2m is even 
and σm ̸= 0 are never unitary. The unitary ones in the other cases are determined in 
Lemma 1.6 and 1.7 for λ > 0, and since πσ∗,−λ is dual to πσ,λ these are all. □
Remark 1.10. Comparing K-types and infinitesimal characters (see also [13, Fact 3.11]), 
we find the following equivalences:

• ℑ(σ, i, j) ∼ = 𝔔(σ + (j + 1)ei+1, i + 1, σi+1 − |σi+2|) if 0 ≤ i < m− 1,

• ℑ(σ,m− 1, j) ∼ = 

{︄
πcpt
σ+sgn(σm)(j+1)em,σm

if n = 2m is even and σm ̸= 0,
πcpt
σ+(j+1)em,0

∼ = πcpt
σ−(j+1)em,0 if n = 2m is even and σm = 0.

Example 1.11. For n = 3 we obtain the following composition structure of (πcpt
σ,λ, I

cpt
σ )

for λ ≥ 0 and σ = σ1 ∈ N0: We only have reducibility if λ ∈ (1
2 + N0) \

{︁ 1
2 + σ

}︁
. When 

λ = 3
2 + σ + j for some j ∈ N0, then ℑ(σ, 0, j) and 𝔔(σ, 0, j) are irreducible and realized 

on the K-types

{︃
(α1, α2) ∈ ˆ︁K | α1 > σ + j = λ− 1

2

}︃
resp. 

{︃
(α1, α2) ∈ ˆ︁K | α1 ≤ λ− 1

2

}︃
.

If λ = 1
2 + j for some 0 ≤ j < σ, then ℑ(σ, 1, j)± and 𝔔(σ, 1, j) are irreducible and 

realized on the K-types
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(α1, α2) ∈ ˆ︁K | ±α2 > j = λ− 1

2

}︃
resp. 

{︃
(α1, α2) ∈ ˆ︁K | |α2| ≤ λ− 1

2

}︃
.

2. The non-compact picture and its Fourier transform

By restricting functions on G to the open dense Bruhat cell NP ⊆ G we obtain 
a realization of the principal series on a space of functions on N ≃ Rn, the so-called 
non-compact picture. Taking the Euclidean Fourier transform on Rn gives yet another 
realization and we study the Lie algebra action in this realization.

2.1. The non-compact picture

Since NP ⊆ G is open and dense and N ∩ P = {1}, the restriction map Ĩσ,λ →
C∞(N,Vσ), f ↦→ fN := f |N is one-to-one. We denote its image by Iσ,λ. Letting 
πσ,λ(g)fN := (π̃σ,λ(g)f)N we obtain a G-representation πσ,λ on Iσ,λ. In the following 
we identify N ∼ = Rn by nx ↦→ x and abbreviate f(nx) = f(x) for x ∈ Rn and f ∈ Iσ,λ.

Lemma 2.1. For every λ ∈ C, we have

𝒮(Rn) ⊗ Vσ ⊆ Iσ,λ ⊆ C∞
temp(Rn) ⊗ Vσ,

where 𝒮(Rn) is the Schwartz space and C∞
temp(Rn) the space of tempered smooth functions 

on Rn. More precisely, every f ∈ Iσ,λ grows at most of order (1 + ∥x∥2)−(Reλ+ρ) as 
x → ∞.

Proof. For the first inclusion we extend f ∈ 𝒮(Rn) ⊗ Vσ to ˜︁f ∈ Ĩσ,λ by

˜︁f(g) :=
{︄
a−λ−ρσ(m)−1f(x) if g = nxman ∈ NMAN,

0 else.

Since f vanishes at infinity together with all its derivatives, this defines a smooth function ˜︁f on G which clearly has the right equivariance properties. This shows the first inclusion. 
For the second inclusion we first decompose nx = kan ∈ KAN in terms of the Iwasawa 
decomposition. Then

n−1
x nx = θ(nx)−1nx = θ(n)−1θ(a)−1θ(k)−1kan = θ(n)−1a2n

since θ(k) = k, θ(a) = a−1 and θ(nx) = nx. By Lemma 1.2 we find that a2 = exp tH0
with t = 2 log(1 + ∥x∥2), so that

fN (x) = f(nx) = f(kan) = a−λ−ρf(k) = (1 + ∥x∥2)−(λ+ρ)f(k) (f ∈ Ĩσ,λ).

Since K is compact, f(K) is bounded and the claim follows. □
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The action of N,M and A with respect to πσ,λ is given as follows:

πσ,λ(ny)f(x) = f(x− y) y ∈ Rn,

πσ,λ(m)f(x) = σ(m)f(m−1x) m ∈ M ≃ SO(n),

πσ,λ(etH0)f(x) = e(λ+ρ)tf(etx) t ∈ R.

Using Lemma 1.2 we also obtain a description of the N -action, which gives us the fol
lowing expressions for the derived representation dπσ,λ of πσ,λ:

dπσ,λ(N j)f(x) = −∂jf(x), j = 1, . . . , n (2.1)

dπσ,λ(T )f(x) = dσ(T )f(x) −DTxf(x), T ∈ 𝔪 ∼ = 𝔰𝔬(n) (2.2)

dπσ,λ(H0)f(x) = (E + λ + ρ)f(x), (2.3)

dπσ,λ(Nj)f(x) = ∥x∥2∂jf(x) − 2xj(E + λ + ρ)f(x)

+ 2dσ(xetj − ejx
t)f(x), j = 1, . . . , n (2.4)

where Da denotes the directional derivative in the direction of a ∈ Rn and E :=∑︁n
j=1 xj∂j denotes the Euler operator on Rn.

2.2. The F-picture

By Lemma 2.1, we have Iσ,λ ⊆ C∞
temp(Rn) ⊗ Vσ ⊆ 𝒮 ′(Rn) ⊗ Vσ, so the Euclidean 

Fourier transform is defined on Iσ,λ. We normalize the Fourier transform by

ℱ(f)(ξ) := 1 
(2π)n

2 

∫︂
Rn

e−i⟨x,ξ⟩f(x) dx.

For λ ∈ 𝔞∗C and σ ∈ ˆ︂M we define a representation ˆ︁πσ,λ of G on ℱ(Iσ,λ) by

ˆ︁πσ,λ(g) ◦ ℱ := ℱ ◦ πσ,λ(g), g ∈ G.

Again by Lemma 2.1 we have the inclusions

𝒮(Rn) ⊗ Vσ ⊆ ℱ(Iσ,λ) ⊆ 𝒮 ′(Rn) ⊗ Vσ. (2.5)

By the intertwining properties of the Fourier transform, we obtain the following for
mulas for the action of P :

ˆ︁πσ,λ(nx)f(ξ) = e−i⟨x,ξ⟩f(ξ) (x ∈ Rn), (2.6)ˆ︁πσ,λ(m)f(ξ) = σ(m)f(m−1ξ) (m ∈ M), (2.7)ˆ︁πσ,λ(etH0)f(ξ) = e(λ−ρ)tf(e−tξ) (t ∈ R). (2.8)
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This implies that the derived representation dˆ︁πσ,λ of ˆ︁πσ,λ is on 𝔫, 𝔪 and 𝔞 given by

dˆ︁πσ,λ(N j)f(ξ) = −iξjf(ξ), j = 1, . . . , n (2.9)

dˆ︁πσ,λ(T )f(ξ) = dσ(T )f(ξ) −DTξf(ξ), T ∈ 𝔪 ∼ = 𝔰𝔬(n) (2.10)

dˆ︁πσ,λ(H0)f(ξ) = −(E − λ + ρ)f(ξ). (2.11)

The 𝔫-action is given by the following lemma.

Lemma 2.2. For each j ∈ {1, . . . , n} we have

dˆ︁πσ,λ(Nj)f(ξ) = −i
(︂
ξjΔ − 2(E − λ + ρ)∂j − 2dσ(∂etj − ej∂

t)
)︂
f(ξ),

where ∂ :=
∑︁n

k=1 ∂kek.

Proof. By Equation (2.4) and the properties of the Fourier transform

∂j ◦ ℱ = ℱ ◦ (−ixj) and ξj ◦ ℱ = ℱ ◦ (−i∂j),

we have

dˆ︁πσ,λ(Nj)f(ξ) = −iΔξjf(ξ) − 2i∂j(λ + ρ−
n ∑︂

k=1

∂kξk)f(ξ) + 2idσ(∂etj − ej∂
t)f(ξ)

= −iξjΔf(ξ) − 2i∂jf(ξ) − 2i∂j(λ + ρ)f(ξ) + 2i∂j(E + n)f(ξ)

+ 2idσ(∂etj − ej∂
t)f(ξ)

= −iξjΔf(ξ) − 2i∂jf(ξ) − 2i∂j(λ− ρ)f(ξ) + 2i(E∂j + ∂j)f(ξ)

+ 2idσ(∂etj − ej∂
t)f(ξ). □

In what follows we abbreviate

ℬσ
λ,j := ξjΔ − 2(E − λ + ρ)∂j − 2dσ(∂etj − ej∂

t).

2.3. Decomposing the N -action

In this section we investigate the N -action in the F-picture in more detail. For this, 
we first restrict functions to Rn \ {0}.

Lemma 2.3. The kernel of the restriction map ℱ(Iσ,λ) → 𝒟′(Rn \{0})⊗Vσ is the largest 
finite-dimensional 𝔤- resp. G-subrepresentation of ℱ(Iσ,λ).

Proof. First note that finite-dimensional subrepresentations of 𝔤 and G are the same, so 
it suffices to show that the kernel is the largest finite-dimensional 𝔤-subrepresentation. We 
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consider the composition of the restriction with the Fourier transform Iσ,λ → ℱ(Iσ,λ) →
𝒟′(Rn\{0})⊗Vσ. The kernel of this map consists of all polynomials in Iσ,λ. If f ∈ Iσ,λ is a 
polynomial, then the subrepresentation dπσ,λ(𝒰(𝔤))f of Iσ,λ generated by f is contained 
in the space of polynomials by (2.1)--(2.4). But by Lemma 2.1 the degree of every such 
polynomial is at most −2(Reλ + ρ), so this subrepresentation is finite-dimensional. If 
conversely V ⊆ Iσ,λ is a finite-dimensional subrepresentation, then the nilpotency of 𝔫
implies that dπσ,λ(𝔫)kV = {0} for sufficiently large k. But dπσ,λ(N j) = −∂j by (2.1), 
so V consists of polynomials. Finally, by Proposition 1.3 there is at most one non-trivial 
finite-dimensional subrepresentation of Iσ,λ. □

In view of the previous statement, we denote by ˆ︁Iσ,λ ⊆ 𝒟′(Rn \ {0}) ⊗ Vσ the image 
of ℱ(Iσ,λ) under the restriction map 𝒟′(Rn)⊗Vσ → 𝒟′(Rn \ {0})⊗Vσ. By (2.9), (2.10), 
(2.11) and Lemma 2.2, the Lie algebra action dˆ︁πσ,λ is by differential operators with 
polynomial coefficients, so it restricts to a Lie algebra action on ˆ︁Iσ,λ which we denote by 
the same expression.

Now let f ∈ ˆ︁Iσ,λ. If we denote the stabilizer in M of a point ξ ∈ Rn \ {0} by 
Mξ

∼ = SO(n − 1), then the restriction of Vσ to Mξ decomposes into a multiplicity-free 
sum of irreducible representations. We would like to decompose f(ξ) according to this 
decomposition. Since Mξ and therefore also the decomposition of Vσ depends on ξ, we 
fix e1 ∈ Rn as a basepoint and decompose

Vσ =
⨁︂

τ∈ˆ︂Me1
τ⪯σ

Wτ . (2.12)

For each ξ ∈ Rn \ {0} there exists some mξ ∈ M , unique up to right multiplication by 
Me1 such that ∥ξ∥mξe1 = ξ, so that Mξ = mξMe1m

−1
ξ . Then the decomposition of σ|Mξ

into irreducibles can be written as

Vσ =
⨁︂

τ∈ˆ︂Me1
τ⪯σ

Wτ (ξ), with Wτ (ξ) = σ(mξ)Wτ . (2.13)

Accordingly, we decompose the space C∞(Rn\{0}, Vσ) of smooth functions from Rn\{0}
to Vσ as

C∞(Rn \ {0}, Vσ) =
⨁︂

τ∈ˆ︂Me1
τ⪯σ

𝒞∞(σ, τ), (2.14)

where 𝒞∞(σ, τ) consists of all f ∈ C∞(Rn \ {0}, Vσ) such that

∀ξ ∈ Rn \ {0} : f(ξ) ∈ Wτ (ξ).
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We also use the notation 𝒞∞
c (σ, τ) = 𝒞∞(σ, τ) ∩ C∞

c (Rn \ {0}, Vσ) for the subspace of 
smooth functions with compact support. Note that by [13, Lemma 3.9] we have for every 
λ ∈ C and τ ∈ ˆ︂Me1 with τ ⪯ σ:

𝒞∞
c (σ, τ) ⊆ ˆ︁Iσ,λ ⊆ C∞(Rn \ {0}, Vσ).

Remark 2.4. We are not sure whether the decomposition (2.14) also holds on the level 
of ˆ︁Iσ,λ, i.e. whether it is true that

ˆ︁Iσ,λ ? =
⨁︂

τ∈ˆ︂Me1
τ⪯σ

(︂ˆ︁Iσ,λ ∩ 𝒞∞(σ, τ)
)︂
.

However, we can decompose every function f ∈ ˆ︁Iσ,λ according to the decomposition 
(2.14) and use that both the group action ˆ︁πσ,λ of P and the Lie algebra action dˆ︁πσ,λ

of 𝔤 by differential operators extend to C∞(Rn \ {0}, Vσ) in a natural way and leave 
C∞

c (Rn \ {0}, Vσ) invariant.

Note that each subspace 𝒞∞(σ, τ) is P -invariant. This is clear for the action of N and 
A, and for each m0 ∈ M :

ˆ︁πσ,λ(m0)f(ξ) = σ(m0)f(m−1
0 ξ) ∈ σ(m0)σ(m−1

0 )σ(mξ)Wτ = σ(mξ)Wτ .

In particular, we obtain:

Lemma 2.5. For each τ ∈ ˆ︂Me1 the following operators leave the space 𝒞∞(σ, τ) invariant:

dˆ︁πσ,λ(Xab) = dσ(Xab) + ξa∂b − ξb∂a,

n ∑︂
a,d=1

ξddˆ︁πσ,λ(Xaj)dˆ︁πσ,λ(Xad) =
n ∑︂

a=1
dσ(Xaj)dσ(eaξt − ξeta) + dσ(ξetj − ejξ

t)E

− ∥ξ∥2dσ(∂etj − ej∂
t) − ξjdσ(∂ξt − ξ∂t)

+
n ∑︂

a,d=1

ξd(ξa∂j − ξj∂a)(ξa∂d − ξd∂a),

n ∑︂
a,b,d=1

ξbξddˆ︁πσ,λ(Xab)dˆ︁πσ,λ(Xad) =
n ∑︂

a=1
dσ(eaξt − ξeta)2 − 2∥ξ∥2dσ(∂ξt − ξ∂t)

+
n ∑︂

a,b,d=1

ξbξd(ξa∂b − ξb∂a)(ξa∂d − ξd∂a),

where Xab := eae
t
b − ebe

t
a = Ea,b − Eb,a ∈ 𝔪 and where we write dσ(∂ξt − ξ∂t) =∑︁n

i,j=1 dσ(Xij)ξj∂i.
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Proof. The first line is a direct consequence of Equation (2.2). The other ones follow 
from

dˆ︁πσ,λ(Xab)dˆ︁πσ,λ(Xcd) = dσ(Xab)dσ(Xcd) + dσ(Xab)(ξc∂d − ξd∂c)

+ (ξa∂b − ξb∂a)dσ(Xcd) + (ξa∂b − ξb∂a)(ξc∂d − ξd∂c)

so that 
∑︁n

a,d=1 ξddˆ︁πσ,λ(Xaj)dˆ︁πσ,λ(Xad) equals

n ∑︂
a=1

dσ(Xaj)dσ(eaξt − ξeta) +
n ∑︂

a=1
dσ(Xaj)(ξaE − ∥ξ∥2∂a)

+
n ∑︂

a,d=1

ξd(ξa∂j − ξj∂a)dσ(Xad) +
n ∑︂

a,d=1

ξd(ξa∂j − ξj∂a)(ξa∂d − ξd∂a)

=
n ∑︂

a=1
dσ(Xaj)dσ(eaξt − ξeta) + dσ(ξetj − ejξ

t)E − ∥ξ∥2dσ(∂etj − ej∂
t)

+
n ∑︂

a,d=1

((ξa∂j − ξj∂a)ξd + ξjδad − ξaδjd)dσ(Xad)

+
n ∑︂

a,d=1

ξd(ξa∂j − ξj∂a)(ξa∂d − ξd∂a)

=
n ∑︂

a=1
dσ(Xaj)dσ(eaξt − ξeta) + dσ(ξetj − ejξ

t)E − ∥ξ∥2dσ(∂etj − ej∂
t) − dσ(ξetj − ejξ

t)

+
n ∑︂

a=1
(ξa∂j − ξj∂a)dσ(eaξt − ξeta) +

n ∑︂
a,d=1

ξd(ξa∂j − ξj∂a)(ξa∂d − ξd∂a)

=
n ∑︂

a=1
dσ(Xaj)dσ(eaξt − ξeta) + dσ(ξetj − ejξ

t)E − ∥ξ∥2dσ(∂etj − ej∂
t) − dσ(ξetj − ejξ

t)

− ξjdσ(∂ξt − ξ∂t) + dσ(ξetj − ejξ
t) +

n ∑︂
a,d=1

ξd(ξa∂j − ξj∂a)(ξa∂d − ξd∂a). □

We now investigate some Casimir operators. For this we first define the normalized 
Killing form

B̃(X,Y ) := −1
2tr(XY )

on 𝔤. Note that with respect to this form each orthonormal basis v1, . . . , vn−1 ∈ Rn

of e⊥1 ⊆ Rn gives rise to an orthonormal basis e1v
t
j − vje

t
1 of 𝔪⊥

e1 . Indeed, (e1v
t
j −

vje
t
1)(e1v

t
k−vke

t
1) = −δjke1e

t
1−vjv

t
k so that B̃(e1v

t
j−vje

t
1, e1v

t
k−vke

t
1) = δjk. Moreover, 

B̃(e1v
t
j − vje

t
1, X) = 0 for each X ∈ 𝔪e1 = 1 × 𝔰𝔬(n − 1). Similarly, we obtain an 



C. Arends et al. / Advances in Mathematics 491 (2026) 110868 23

orthonormal basis at any point ξ ∈ Rn by conjugating with mξ, i.e., 1 
∥ξ∥ (ξηt − ηξt) is 

an orthonormal basis of 𝔪⊥
ξ whenever η runs through an orthonormal basis of ξ⊥. In 

particular, the Casimir operator of 𝔪⊥
ξ with respect to σ is given by

Cas(𝔪⊥
ξ ) = 1 

∥ξ∥2

n ∑︂
i=1 

dσ(eiξt − ξeti)2,

where we used that we may let η from above run through an arbitrary basis of Rn since 
ξξt − ξξt = 0. In the following we will show that

[∂j ,Cas(𝔪⊥
ξ )] + ℬσ

0,j : 𝒞∞(σ, τ) → 𝒞∞(σ, τ).

We first calculate the commutator.

Lemma 2.6. We have

[∂j ,Cas(𝔪⊥
ξ )] = −2ξj

∥ξ∥4

n ∑︂
a=1

dσ(eaξt − ξeta)2

+ n− 2
∥ξ∥2

n ∑︂
ℓ=1 

ξℓdσ(Xjℓ) + 2 
∥ξ∥2

n ∑︂
a=1

dσ(Xaj)dσ(eaξt − ξeta).

Proof. We directly obtain that

[∂j ,Cas(𝔪⊥
ξ )] = −2ξj

∥ξ∥4

n ∑︂
a=1

dσ(eaξt − ξeta)2

+ 1 
∥ξ∥2

n ∑︂
a=1

(︂
dσ(Xaj)dσ(eaξt − ξeta) + dσ(eaξt − ξeta)dσ(Xaj)

)︂
.

Now note that [eaξt − ξeta, Xaj ] =
∑︁n

ℓ=1 ξℓ[Xaℓ, Xaj ] =
∑︁n

ℓ=1 ξℓ(δaℓXaj + δajXℓa +Xjℓ)
so that

n ∑︂
a=1

(︂
dσ(Xaj)dσ(eaξt − ξeta) + dσ(eaξt − ξeta)dσ(Xaj)

)︂

=
n ∑︂

a=1

(︂
2dσ(Xaj)dσ(eaξt − ξeta) + ξadσ(Xaj) + δaj

n ∑︂
ℓ=1 

ξℓdσ(Xℓa) +
n ∑︂

ℓ=1 
ξℓdσ(Xjℓ)

)︂

= 2
n ∑︂

a=1
dσ(Xaj)dσ(eaξt − ξeta) +

n ∑︂
a=1

ξadσ(Xaj) +
n ∑︂

ℓ=1 
ξℓdσ(Xℓj) + n

n ∑︂
ℓ=1 

ξℓdσ(Xjℓ)

= 2
n ∑︂

a=1
dσ(Xaj)dσ(eaξt − ξeta) + (n− 2)

n ∑︂
ℓ=1 

ξℓdσ(Xjℓ). □
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Before we use Lemma 2.5 to rewrite this commutator we first calculate some differ
ential operators occurring in that lemma. By straightforward calculations we obtain the 
following:

Lemma 2.7. We have

n ∑︂
a,d=1

ξd(ξa∂j − ξj∂a)(ξa∂d − ξd∂a) = ξj∥ξ∥2Δ − ξjE
2 − (n− 2)ξjE,

n ∑︂
a,b,d=1

ξbξd(ξa∂b − ξb∂a)(ξa∂d − ξd∂a) = ∥ξ∥4Δ − ∥ξ∥2E2 − (n− 2)∥ξ∥2E.

We can now prove the aforementioned invariance result.

Proposition 2.8. The operator [∂j ,Cas(𝔪⊥
ξ )] + ℬσ

0,j leaves each 𝒞∞(σ, τ) invariant.

Proof. Using Lemma 2.5 and 2.7 we find that −2ξj
∥ξ∥4

∑︁n
a=1 dσ(eaξt − ξeta)2 + 

2 
∥ξ∥2

∑︁n
a=1 dσ(Xaj)dσ(eaξt − ξeta) equals

2 
∥ξ∥2

(︃
− ξj
∥ξ∥2

n ∑︂
a,b,d=1

ξbξddˆ︁πσ,λ(Xab)dˆ︁πσ,λ(Xad) − 2ξjdσ(∂ξt − ξ∂t)

+ ξj(∥ξ∥2Δ − E2 − (n− 2)E) +
n ∑︂

a,d=1

ξddˆ︁πσ,λ(Xaj)dˆ︁πσ,λ(Xad)

− dσ(ξetj − ejξ
t)E + ∥ξ∥2dσ(∂etj − ej∂

t) + ξjdσ(∂ξt − ξ∂t)

−
(︂
ξj∥ξ∥2Δ − ξjE

2 − (n− 2)ξjE
)︂)︃

= 2 
∥ξ∥2

(︃
− ξj
∥ξ∥2

n ∑︂
a,b,d=1

ξbξddˆ︁πσ,λ(Xab)dˆ︁πσ,λ(Xad) +
n ∑︂

a,d=1

ξddˆ︁πσ,λ(Xaj)dˆ︁πσ,λ(Xad)

− ξjdσ(∂ξt − ξ∂t) − dσ(ξetj − ejξ
t)E + ∥ξ∥2dσ(∂etj − ej∂

t)
)︃
.

Thus, using Lemma 2.5 again, we see that [∂j ,Cas(𝔪⊥
ξ )] + ℬσ

0,j is given by

2 
∥ξ∥2

(︃
− ξj
∥ξ∥2

n ∑︂
a,b,d=1

ξbξddˆ︁πσ,λ(Xab)dˆ︁πσ,λ(Xad) +
n ∑︂

a,d=1

ξddˆ︁πσ,λ(Xaj)dˆ︁πσ,λ(Xad)

− ξjdσ(∂ξt − ξ∂t) − dσ(ξetj − ejξ
t)E + ∥ξ∥2dσ(∂etj − ej∂

t)
)︃

+ n− 2
∥ξ∥2

(︂
dˆ︁πσ,λ(ejξt − ξetj) − ξjE + ∥ξ∥2∂j

)︂
+ ξjΔ − 2(E + ρ)∂j − 2dσ(∂etj − ej∂

t)
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= 2 
∥ξ∥2

(︃
− ξj
∥ξ∥2

n ∑︂
a,b,d=1

ξbξddˆ︁πσ,λ(Xab)dˆ︁πσ,λ(Xad)

+
n ∑︂

a,d=1

ξddˆ︁πσ,λ(Xaj)dˆ︁πσ,λ(Xad) −
n− 2

2 
ξjE

)︃

− 2ξj
∥ξ∥2 dσ(∂ξt − ξ∂t) − 2 

∥ξ∥2 dσ(ξetj − ejξ
t)E

+ n− 2
∥ξ∥2 dˆ︁πσ,λ(ejξt − ξetj) + ξjΔ − 2E∂j − 2∂j

= 2 
∥ξ∥2

(︃
− ξj
∥ξ∥2

n ∑︂
a,b,d=1

ξbξddˆ︁πσ,λ(Xab)dˆ︁πσ,λ(Xad)

+
n ∑︂

a,d=1

ξddˆ︁πσ,λ(Xaj)dˆ︁πσ,λ(Xad) −
n− 2

2 
ξjE

)︃

− 2ξj
∥ξ∥2 dσ(∂ξt − ξ∂t) − 2 

∥ξ∥2

(︂
dˆ︁πσ,λ(ξetj − ejξ

t) + ξjE − ∥ξ∥2∂j

)︂
E

+ n− 2
∥ξ∥2 dˆ︁πσ,λ(ejξt − ξetj) + ξjΔ − 2E∂j − 2∂j

= 2 
∥ξ∥2

(︃
− ξj
∥ξ∥2

n ∑︂
a,b,d=1

ξbξddˆ︁πσ,λ(Xab)dˆ︁πσ,λ(Xad) +
n ∑︂

a,d=1

ξddˆ︁πσ,λ(Xaj)dˆ︁πσ,λ(Xad)

− n− 2
2 

ξjE

)︃
− 2ξj

∥ξ∥2 dσ(∂ξt − ξ∂t) − 2ξj
∥ξ∥2E

2 + n 
∥ξ∥2 dˆ︁πσ,λ(ejξt − ξetj) + ξjΔ

= 2 
∥ξ∥2

(︃
− ξj
∥ξ∥2

n ∑︂
a,b,d=1

ξbξddˆ︁πσ,λ(Xab)dˆ︁πσ,λ(Xad) +
n ∑︂

a,d=1

ξddˆ︁πσ,λ(Xaj)dˆ︁πσ,λ(Xad)

+ n

2 
dˆ︁πσ,λ(ejξt − ξetj)

)︃
+ ξj

∥ξ∥2

n ∑︂
ℓ=1 

ξℓℬσ
0,ℓ.

The proposition now follows from the next lemma. □
Lemma 2.9. The operator 

∑︁n
ℓ=1 ξℓℬσ

0,ℓ leaves each 𝒞∞(σ, τ) invariant.

Proof. Let X1, . . . , Xdim(𝔪) be any orthonormal basis of 𝔪 with respect to B̃. Then

{H,X1, . . . , Xdim(𝔪), N1, . . . , Nn, N1, . . . , Nn}

is a basis of 𝔤 with dual basis −H,X1, . . . , Xdim(𝔪), N1, . . . , Nn, N1, . . . , Nn. Thus, the 
Casimir element of 𝔤 is given by

Cas(𝔤) = −H2 +
n ∑︂

i=1 
X2

i +
n ∑︂

j=1 
N jNj + NjN j = −H2 +

n ∑︂
i=1 

X2
i +

n ∑︂
j=1 

2N jNj + [Nj , N j ],
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where all terms H,X2
i and [Nj , N j ] belong to the universal enveloping algebra of 𝔪⊕ 𝔞. 

Since 𝔞,𝔪 and Cas(𝔤) leave 𝒞∞(σ, τ) invariant, so does the action of 
∑︁n

j=1 N jNj . But

n ∑︂
j=1 

dˆ︁πσ,λ(N j)dˆ︁πσ,λ(Nj) = −
n ∑︂

j=1 
ξjℬσ

λ,j = −
n ∑︂

j=1 
ξjℬσ

0,j − 2λE,

where the Euler operator leaves 𝒞∞(σ, τ) invariant since it comes from the 𝔞-action. □
This proposition allows us to prove the main result of this section.

Proposition 2.10. Let τ1, τ2 ∈ ˆ︂Me1 be two inequivalent representations. Then

i pr𝒞∞(σ,τ2)(dˆ︁πσ,λ(Nj)|𝒞∞(σ,τ1)) = pr𝒞∞(σ,τ2)(([Cas(𝔪⊥
ξ ), ∂j ] + 2λ∂j)|𝒞∞(σ,τ1)),

where pr𝒞∞(σ,τ2) denotes the projection onto 𝒞∞(σ, τ2) in the decomposition (2.14).

Proof. We write

i dˆ︁πσ,λ(Nj) = ℬσ
0,j + 2λ∂j = ℬσ

0,j + [∂j ,Cas(𝔪⊥
ξ )] − [∂j ,Cas(𝔪⊥

ξ )] + 2λ∂j

and apply Proposition 2.8. □
3. Eigenvalues of intertwining operators and explicit Hilbert spaces

In this section we find an explicit expression for the standard intertwining opera
tors Aσ,λ in the F-picture and use it to describe the irreducible subrepresentations and 
quotients in the F-picture as well as the invariant inner products on them.

3.1. The F-picture of intertwining operators

Recall that for σ ∈ ˆ︂M with σ ≃ w0σ there exists a holomorphic family of intertwining 
operators

Aσ,λ : Iσ,λ → Iσ,−λ.

It follows from [11, Chapter 8.3.1] that these operators are given by convolution

Aσ,λf(x) = (Kσ,λ ∗ f)(x) =
∫︂
Rn

Kσ,λ(x− y)f(y) dy (f ∈ Iσ,λ),

with a distribution kernel Kσ,λ ∈ 𝒮 ′(Rn) ⊗ End(Vσ). This kernel can be written as

Kσ,λ(x) = const × ∥x∥2(λ−ρ)σ

(︃
In − 2 xxt

∥x∥2

)︃
(x ∈ Rn \ {0}),
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where σ is extended to a representation of O(n) (unique up to twisting by the determinant 
character) and where the constant depends on σ and λ and is chosen such that Kσ,λ

depends holomorphically on λ ∈ C and is nowhere vanishing.
By Lemma 2.3 the kernel of the map Iσ,λ → ˆ︁Iσ,λ, f ↦→ ˆ︁f |Rn\{0}, is the largest finite

dimensional subrepresentation of Iσ,λ. This subrepresentation is always contained in the 
kernel of Aσ,λ by Proposition 1.3 and (1.4), so Aσ,λ induces an intertwining operator

ˆ︁Aσ,λ : ˆ︁Iσ,λ → ˆ︁Iσ,−λ, ˆ︁f |Rn\{0} ↦→ ˆ︂Aσ,λf |Rn\{0}.

Lemma 3.1. For all σ ∈ ˆ︂M and λ ∈ C we have

ˆ︂Aσ,λf |Rn\{0} = ˆ︂(Kσ,λ ∗ f)|Rn\{0} = ˆ︁Kσ,λ|Rn\{0} · ˆ︁f |Rn\{0} (f ∈ Iσ,λ).

Proof. We first consider the case Reλ = 0. Since Kσ,λ ∈ 𝒮 ′(Rn), we have for every 
f ∈ 𝒮(Rn) ⊆ Iσ,λ by the convolution formula

ˆ︂(Kσ,λ ∗ f) = ˆ︁Kσ,λ · ˆ︁f. (3.1)

The convolution kernel Kσ,λ is homogeneous of degree 2λ− n, so its Fourier transform ˆ︁Kσ,λ is homogeneous of degree −2λ. Since Reλ = 0, this implies that multiplication by ˆ︁Kσ,λ extends to a continuous linear operator on L2(Rn). By the Plancherel formula, the 
same is true for convolution with Kσ,λ and (3.1) holds for all f ∈ L2(Rn). In particular, 
it holds for f ∈ Iσ,λ ⊆ L2(Rn). 
Restricting (3.1) to Rn\{0}, we have proven that the claimed formula is true for Reλ = 0
and f ∈ Iσ,λ. To show it for general λ, we use analytic continuation. Fix f ∈ Icptσ in the 
compact picture and use it to define a family fλ ∈ Iσ,λ in the non-compact picture such 
that every fλ corresponds to f via the isomorphism Iσ,λ → Icptσ . We have already shown 
that

ˆ︂Aσ,λfλ|Rn\{0} = ˆ︁Kσ,λ|Rn\{0} · ˆ︁fλ|Rn\{0} (3.2)

for Reλ = 0. Viewed as distributions in 𝒮 ′(Rn), the family fλ depends holomorphically 
on λ, so also their Fourier transforms ˆ︁fλ ∈ 𝒮 ′(Rn) and their restrictions ˆ︁fλ|Rn\{0} ∈
𝒟′(Rn \ {0}) depend holomorphically on λ. Using the holomorphy of the intertwining 
operators Aσ,λ in λ, the same argument shows that the left hand side of (3.2) as family 
of distributions in 𝒟′(Rn \ {0}) depends holomorphically on λ. To make sense of the 
right hand side, we first note that the distribution kernel Kσ,λ can be written as

Kσ,λ(x) = const × ∥x∥2(λ−ρ−k)q(x)

for some k ≥ 0 and an operator-valued polynomial q : Rn → End(Vσ) independent of λ. 
(This can be seen by embedding σ into a tensor product of fundamental representations 
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of O(n) and writing In − 2 xxt

∥x∥2 = ∥x∥−2(∥x∥2In − 2xxt).) This shows that the Fourier 
transform of Kσ,λ is of the form

ˆ︁Kσ,λ(ξ) = const × q(i∂ξ)∥ξ∥2(k−λ) (ξ ∈ Rn \ {0}).

In particular, it is a smooth operator-valued function Rn\{0} → End(Vσ) which depends 
holomorphically on λ. Multiplication of distributions by smooth functions is a continuous 
operation, so the right hand side of (3.2) also depends holomorphically on λ. Now, by 
analytic continuation from Reλ = 0 to all λ ∈ C, this shows the validity of (3.2) for all 
λ ∈ C and the claim follows. □

The previous lemma shows that the operator ˆ︁Aσ,λ is in fact given by

ˆ︁Aσ,λ : ˆ︁Iσ,λ → ˆ︁Iσ,−λ, ˆ︁Aσ,λf = ˆ︁Kσ,λ|Rn\{0} · f.

The goal of this section is to find an explicit expression for the multiplier ˆ︁Kσ,λ|Rn\{0}.
By the A-equivariance of ˆ︁Aσ,λ we find that ˆ︁Kσ,λ(e−tξ) = e2λt ˆ︁Kσ,λ(ξ) and hence

ˆ︁Kσ,λ(ξ) = ∥ξ∥−2λ ˆ︁Kσ,λ

(︃
ξ

∥ξ∥

)︃
=: ∥ξ∥−2λ ˜︁Kσ,λ(ξ).

Moreover, the M -equivariance implies

σ(m−1) ◦ ˜︁Kσ,λ(ξ) ◦ σ(m) = ˜︁Kσ,λ(m−1ξ), (3.3)

in particular, ˜︁Kσ,λ(ξ) commutes with the action of Mξ by σ. Hence, by Schur’s Lemma, ˜︁Kσ,λ(ξ) acts by a scalar on each irreducible representation Wτ(ξ) of Mξ that occurs in 
the decomposition (2.13) of Vσ. Moreover, by (3.3) this scalar is independent of ξ, so we 
can write

˜︁Kσ,λ(ξ) =
∑︂
τ⪯σ

bσ,λ(τ) · idWτ (ξ) (ξ ∈ Rn \ {0}).

To determine the scalars bσ,λ(τ), we will apply the intertwining property of ˆ︁Aσ,λ for 
𝔫 to a function f ∈ 𝒞∞

c (σ, τ) ⊆ ˆ︁Iσ,λ and project both sides onto another term 𝒞∞
c (σ, τ ′)

in the decomposition (2.14). To compute both sides, we need to understand how 𝔫 acts 
on 𝒞∞

c (σ, τ). By Proposition 2.10, the 𝔫-action can only reach those 𝒞∞
c (σ, τ ′) that are 

reachable by one application of ∂j for some j ∈ {1, . . . , n}. To describes these possibilities, 
we first parametrize the representations τ ∈ ˆ︂Me1 .

We use the same parametrization as in Section 1.2 for the unitary dual of Me1
∼ = 

SO(n−1). Abusing notation, the highest weight of an irreducible unitary representation 
τ of Me1 is a tuple τ ∈ Zm−1 such that τ1 ≥ . . . ≥ τm−2 ≥ τm−1 ≥ 0 if n = 2m is even 
and τ1 ≥ . . . ≥ τm−2 ≥ |τm−1| if n = 2m− 1 is odd. Then τ ⪯ σ if and only if
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σ1 ≥ τ1 ≥ σ2 ≥ τ2 ≥ . . . ≥ τm−1 ≥ |σm| if n = 2m,

σ1 ≥ τ1 ≥ σ2 ≥ τ2 ≥ . . . ≥ τm−2 ≥ σm−1 ≥ |τm−1| if n = 2m− 1.

In terms of highest weights, we have the following description of those subspaces 
𝒞∞(σ, τ ′) that can be reached from 𝒞∞(σ, τ) by one application of ∂j for some j ∈
{1, . . . , n}.

Lemma 3.2. Let f ∈ 𝒞∞(σ, τ) and v ∈ Rn, then

∂vf ∈ 𝒞∞(σ, τ) ⊕
m−1⨁︂
i=1 

(︂
𝒞∞(σ, τ + ei) ⊕ 𝒞∞(σ, τ − ei)

)︂
.

Proof. We have to show that

∀ξ ∈ Rn \ {0} : ∂vf(ξ) ∈ Wτ (ξ) ⊕
m−1⨁︂
i=1 

(︂
Wτ+ei(ξ) ⊕Wτ−ei(ξ)

)︂
.

Fix ξ ∈ Rn \ {0} we write v = αξ + w with α ∈ R and w ⊥ ξ. Since 𝔪ξ = ξ⊥, there 
exists T ∈ 𝔪 such that Tξ = w. Together we find

∂vf(ξ) = α∂ξf(ξ) + ∂Tξf(ξ) = αEf(ξ) + ∂Tξf(ξ)

= −αdˆ︁πσ,λ(H0)f(ξ) + α(λ− ρ)f(ξ) − dˆ︁πσ,λ(T )f(ξ) + dσ(T )f(ξ).

The second term is clearly contained in Wτ (ξ). Moreover, since both M and A leave 
𝒞∞(σ, τ) invariant, both dˆ︁πσ,λ(H0)f and dˆ︁πσ,λ(T )f are contained in 𝒞∞(σ, τ), so the first 
and the third terms are also contained in Wτ (ξ). Finally, the fourth term is contained in

dσ(T )Wτ (ξ) = dσ(T )σ(mξ)Wτ = σ(mξ)dσ(Ad(mξ)−1T )Wτ ⊆ σ(mξ)dσ(𝔪)Wτ .

Clearly dσ(𝔪e1)Wτ ⊆ Wτ . To decompose dσ(𝔪⊥
e1)Wτ , we first note that, as a representa

tion of Me1 , we have 𝔪⊥
e1 ≃ Rn−1. Hence, dσ(𝔪⊥

e1)Wτ is a quotient of W(1,0,...,0)⊗Wτ . The 
possible highest weights in the tensor product are sums of τ and weights of W(1,0,...,0). 
The latter are given by ±ei and possibly 0. This shows that

dσ(𝔪)Wτ ⊆ Wτ ⊕
m−1⨁︂
i=1 

(︂
Wτ+ei ⊕Wτ−ei

)︂
and the proof is complete. □

Whether 𝒞∞
c (σ, τ ± ei) can in fact be reached from 𝒞∞

c (σ, τ) by the 𝔫-action can now 
be determined using Proposition 2.10:
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Proposition 3.3. Let τ ∈ ˆ︂Me1 and f ∈ 𝒞∞
c (σ, τ) ⊆ Iσ,λ. Then for 1 ≤ j ≤ n:

dˆ︁πσ,λ(Nj)f ∈ 𝒞∞
c (σ, τ) ⊕

m−1⨁︂
i=1 

(︂
𝒞∞
c (σ, τ + ei) ⊕ 𝒞∞

c (σ, τ − ei)
)︂

and

pr𝒞∞
c (σ,τ±ei)

(︁
dˆ︁πσ,λ(Nj)f

)︁
= −i

(︁
2λ + 1 ± 2(τi + n−2i−1

2 )
)︁
pr𝒞∞

c (σ,τ±ei)
(︁
∂jf

)︁
(1 ≤ i ≤ m− 1). (3.4)

Proof. The first claim follows immediately from Proposition 2.10, Lemma 3.2 and the 
fact that Cas(𝔪⊥

ξ ) = Cas(𝔪) − Cas(𝔪ξ) acts by a scalar on each Wτ (ξ). To show the 
second claim we note that Cas(𝔪) acts on both Wτ and Wτ±ei by the same scalar 
(depending only on σ). Thus,

pr𝒞∞
c (σ,τ±ei)([Cas(𝔪⊥

ξ ), ∂j ]f)

= pr𝒞∞
c (σ,τ±ei)([Cas(𝔪), ∂j ]f) − pr𝒞∞

c (σ,τ±ei)([Cas(𝔪ξ), ∂j ]f)

= pr𝒞∞
c (σ,τ±ei)([∂j ,Cas(𝔪ξ)]f).

Since the action of Cas(𝔪ξ) on Wτ (ξ) is given by

Cas(𝔪ξ)|Wτ (ξ) = −⟨τ + 2ρ𝔰𝔬(n−1), τ⟩ · idWτ (ξ), (3.5)

where ρ𝔰𝔬(n−1) = 1
2 (n− 3, n− 5, . . . , n− 1− 2⌊n−1

2 ⌋) is the half sum of the positive roots 
of 𝔰𝔬(n− 1) and ⟨·, ·⟩ the standard inner product on Rm−1, we obtain

pr𝒞∞
c (σ,τ±ei)([Cas(𝔪⊥

ξ ), ∂j ]f)

= (⟨τ ± ei + 2ρ𝔰𝔬(n−1), τ ± ei⟩ − ⟨τ + 2ρ𝔰𝔬(n−1), τ⟩)pr𝒞∞
c (σ,τ±ei)(∂jf)

= (1 ± 2⟨τ + ρ𝔰𝔬(n−1), ei⟩)pr𝒞∞
c (σ,τ±ei)(∂jf)

= (1 ± 2(τi + n−2i−1
2 ))pr𝒞∞

c (σ,τ±ei)(∂jf).

Together with Proposition 2.10 this shows the claimed formula. □
Now we have introduced the necessary tools to determine the scalars bσ,λ(τ). Let 

f ∈ 𝒞∞
c (σ, τ) and i be such that τ + ei or τ − ei is a highest weight of a representation 

occurring in σ|Me1
. Then we have

pr𝒞∞
c (σ,τ±ei)(( ˆ︁Aσ,λ ◦ dˆ︁πσ,λ(Nj))f) = pr𝒞∞

c (σ,τ±ei)((dˆ︁πσ,−λ(Nj) ◦ ˆ︁Aσ,λ)f). (3.6)

We first calculate the left hand side using (3.4):
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pr𝒞∞
c (σ,τ±ei)(( ˆ︁Aσ,λ ◦ dˆ︁πσ,λ(Nj))f)

= bσ,λ(τ ± ei)∥ξ∥−2λpr𝒞∞
c (σ,τ±ei)(dˆ︁πσ,λ(Nj)f)

= −ibσ,λ(τ ± ei)∥ξ∥−2λ(2λ + 1 ± 2(τi + n−2i−1
2 ))pr𝒞∞

c (σ,τ±ei)(∂jf).

A similar computation can be carried out for the right hand side of (3.6), now using (3.4)
for −λ instead of λ. Here we have to be slightly more careful, because the intertwiner ˆ︁Aσ,λ multiplies f with ∥ξ∥−2λ and afterwards ∂j is applied to the product ∥ξ∥−2λf . 
However, since (∂j∥ξ∥−2λ) ·f is still contained in 𝒞∞

c (σ, τ), its projection to 𝒞∞
c (σ, τ±ei)

is zero. This yields the following expression for the right hand side of (3.6):

pr𝒞∞
c (σ,τ±ei)((dˆ︁πσ,−λ(Nj) ◦ ˆ︁Aσ,λ)f)

= −ibσ,λ(τ)∥ξ∥−2λ(−2λ + 1 ± 2(τi + n−2i−1
2 ))pr𝒞∞

c (σ,τ±ei)(∂jf).

Therefore, we obtain the following recursion for the scalars bσ,λ(τ):

(2λ + 1 ± 2(τi + n−2i−1
2 )) · bσ,λ(τ ± ei) = (−2λ + 1 ± 2(τi + n−2i−1

2 )) · bσ,λ(τ). (3.7)

Theorem 3.4. The intertwining operator ˆ︁Aσ,λ : ˆ︁Iσ,λ → ˆ︁Iσ,−λ is given by

ˆ︁Aσ,λf(ξ) = ∥ξ∥−2λ
∑︂
τ⪯σ

bσ,λ(τ) · prWτ (ξ)f(ξ),

where

bσ,λ(τ) = γ(λ) · 1 
Γ(n2 + σ1 − λ)

m−1∏︂
i=1 

(︂n
2 
− i + σi+1 − λ

)︂
|τi|−σi+1

(︂n
2 
− i + |τi| + λ

)︂
σi−|τi|

(3.8)

for some entire and nowhere vanishing function γ(λ) of λ ∈ C.

Proof. We already argued above that ˆ︁Aσ,λ is of the claimed form for some scalars bσ,λ(τ), 
so it suffices to show the formula for bσ,λ(τ). Solving the recursion (3.7) shows that bσ,λ(τ)
is a multiple of

m−1∏︂
i=1 

Γ(n2 − i + τi − λ) 
Γ(n2 − i + τi + λ) . (3.9)

This expression is meromorphic in λ, so by the holomorphicity of ˆ︁Aσ,λ we conclude that 
the proportionality factor between bσ,λ(τ) and (3.9) is also meromorphic in λ. Since ˆ︁Aσ,λ

is holomorphic and only vanishes (of order one) if the image of Aσ,λ is finite-dimensional, 
we just have to find a holomorphic normalization of (3.9) which only vanishes (of order 
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one) at λ ∈ n
2 + |σ1|+N0. First note that, by the same argument as used in Section 1.2, 

we can replace τi by |τi| in (3.9). Multiplying (3.9) with the meromorphic function

1 
Γ(n2 + σ1 − λ)

m−1∏︂
i=1 

Γ(n2 − i + σi + λ) 
Γ(n2 − i + σi+1 − λ)

produces the desired formula. □
Remark 3.5. In the previous discussion, we have found an expression for the existing 
family of intertwining operators. It also seems possible to define intertwining operators 
by the formulas in Theorem 3.4, and this construction would also have the chance of 
generalizing to intertwining operators defined only on proper subrepresentations of ˆ︁Iσ,λ. 
However, there are some subtleties that make such constructions complicated. For in
stance it does not seem obvious that the expression for ˆ︁Aσ,λf in Theorem 3.4 is actually 
contained in ˆ︁Iσ,−λ for every f ∈ ˆ︁Iσ,λ.

Remark 3.6. For Vσ =
⋀︁p Cn the formula (3.8) was previously obtained by Fischmann--

Ørsted [7, Corollary 4.2 and Remark 4.10] and Liu–Oshima--Yu [12, Proposition B.13] by 
direct computation of the Fourier transform of Kσ,λ(x). In this case σ = e1 + · · ·+ ep =
(1, . . . , 1, 0, . . . , 0), so the possible values of τ are e1 + · · · + ep and e1 + · · · + ep−1:

bσ,λ(e1 + · · · + ep) = γ(λ) 
Γ(n+2

2 − λ)
·
(︂n

2 
− p− λ

)︂
and

bσ,λ(e1 + · · · + ep−1) = γ(λ) 
Γ(n+2

2 − λ)
·
(︂n

2 
− p + λ

)︂
.

3.2. Subrepresentations in the F-picture

We can now identify the irreducible subrepresentations and quotients of ˆ︁Iσ,λ:

Proposition 3.7. Let σ ∈ ˆ︂M , 1 ≤ i ≤ m− 1 and 0 ≤ j < σi − |σi+1|.

(i) For i ̸= n−1
2 , the irreducible subrepresentation ℑ(σ, i, j) resp. irreducible quotient 

𝔔(σ, i, j) of Iσ,λ for λ = ρ−i+|σi+1|+j is via the Fourier transform ℱ : Iσ,λ → ˆ︁Iσ,λ
isomorphic to

ˆ︁ℑ(σ, i, j) = ˆ︁Iσ,λ(τ) ∩
⨁︂
τ⪯σ

τi>|σi+1|+j

𝒞∞(σ, τ) resp.

ˆ︁𝔔(σ, i, j) = ˆ︁Iσ,λ/ˆ︁ℑ(σ, i, j) ≃ ˆ︁Iσ,−λ ∩
⨁︂
τ⪯σ

τi≤|σi+1|+j

𝒞∞(σ, τ).
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(ii) For i = n−1
2 , the sum of the two irreducible subrepresentations ℑ(σ, i, j)+ ⊕

ℑ(σ, i, j)− resp. the irreducible quotient 𝔔(σ, i, j) of Iσ,λ for λ = ρ− i + |σi+1| + j

is via the Fourier transform ℱ : Iσ,λ → ˆ︁Iσ,λ isomorphic to ˆ︁ℑ(σ, i, j)+ ⊕ ˆ︁ℑ(σ, i, j)−
resp. ˆ︁𝔔(σ, i, j), where

ˆ︁ℑ(σ, i, j)± = ˆ︁Iσ,λ(τ) ∩
⨁︂
τ⪯σ

±τi>j

𝒞∞(σ, τ) resp.

ˆ︁𝔔(σ, i, j) = ˆ︁Iσ,λ/(︁ˆ︁ℑ(σ, i, j)+ ⊕ ˆ︁ℑ(σ, i, j)−
)︁
≃ ˆ︁Iσ,−λ ∩

⨁︂
τ⪯σ
|τi|≤j

𝒞∞(σ, τ).

Proof. By Lemma 1.5, the subrepresentations ℑ(σ, i, j) and ℑ(σ, i, j)+ ⊕ ℑ(σ, i, j)− are 
the kernel of the corresponding intertwining operator Aσ,λ, so we only have to identify 
the kernel of ˆ︁Aσ,λ : ˆ︁Iσ,λ → ˆ︁Iσ,−λ in all cases. This boils down to determining for which 
τ we have bσ,λ(τ) = 0, so the claimed formulas for ˆ︁I(σ, i, j) and ˆ︁I(σ, i, j)± follow. The 
identities for ˆ︁𝔔(σ, i, j) follow in the same way from the fact that 𝔔(σ, i, j) is isomorphic 
to the image of the intertwining operator ˆ︁Aσ,λ. □
Remark 3.8. Since ˆ︁ℑ(σ, i, j)+ and ˆ︁ℑ(σ, i, j)− are both 𝔤-invariant, it follows that the 
Fourier transform maps ℑ(σ, i, j)+ onto one of them, but we did not determine onto 
which of the two. We expect that an explicit computation of the Fourier transform of 
some Kfinite vectors would reveal this.

3.3. Explicit Hilbert spaces in the F-picture

We use the expression for the intertwining operators ˆ︁Aσ,λ obtained in Theorem 3.4
to construct explicit Hilbert spaces of vector-valued L2-functions for the unitarizable 
composition factors.

Theorem 3.9. Let σ ∈ ˆ︂M , a = aσ = min{i : σi+1 = 0}. Then

(f1, f2) ↦→
∑︂
τ⪯σ

a(τ)
∫︂

Rn\{0}

⟨prWτ (ξ)f1(ξ),prWτ (ξ)f2(ξ)⟩σ∥ξ∥−2 Reλdξ

defines a G-invariant inner product with respect to ˆ︁πσ,λ on

(1) the unitary principal series ˆ︁Iσ,λ (λ ∈ iR) if a(τ) = 1 for all τ ⪯ σ.
(2) the complementary series ˆ︁Iσ,λ (σm = 0 and |λ| < ρ − a) if a(τ) = bσ,λ(τ) for all 

τ ⪯ σ.
(3) the subrepresentation ℑ(σ, a, j) (for 0 ≤ a < n−1

2 ) or ℑ(σ, n−1
2 , j)

+ and ℑ(σ, n−1
2 , j)

−

(for a = n−1
2 ) of ˆ︁Iσ,λ (with 0 ≤ j < σa and λ = ρ− a + j) if
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a(τ) = 1 
bσ,−λ(τ) = const ×

a ∏︂
i=1

1 
(n− a− i + σi+1 + j)|τi|−σi+1(a− i + |τi| − j)σi−|τi|

(|τa| > j),

(4) the quotient 𝔔(σ, a, 0) (for 0 < a < m and j = 0) of ˆ︁Iσ,λ (with λ = ρ− a) if

a(τ) = bσ,λ(τ) = const ×
a ∏︂

i=1

(︂
a− i + σi+1

)︂
τi−|σi+1|

(︂
n− a− i + τi

)︂
σi−|τi|

.

Proof. We recall the classical result that the sesquilinear pairing

Iσ,λ × Iσ,−λ → C, (φ,ψ) ↦→
∫︂
Rn

⟨φ(x), ψ(x)⟩σdx

is G-invariant. Since ℱ is an isometry, this pairing gives rise to a G-invariant pairing in 
the F-picture given by the same formula. Writing fi(ξ) =

∑︁
τ⪯σ prWτ (ξ)fi(ξ) shows the 

claim for the unitary principal series. Twisting with the intertwining operator ˆ︁Aσ,λ, we 
obtain for every λ ∈ R a G-invariant Hermitian form

ˆ︁Iσ,λ × ˆ︁Iσ,λ → C, (f1, f2) ↦→
∫︂

Rn\{0}

⟨f1(ξ), ˆ︁Aσ,λf2(ξ)⟩σdξ.

Writing fi(ξ) =
∑︁

τ⪯σ prWτ (ξ)fi(ξ) and applying Theorem 3.4, this expression can be 
written as

∑︂
τ⪯σ

bσ,λ(τ)
∫︂

Rn\{0}

⟨prWτ (ξ)f1(ξ),prWτ (ξ)f2(ξ)⟩σ∥ξ∥−2λdξ.

This shows the claim for the complementary series. For λ = ρ−a, this induces a Hermitian 
form on the quotient 𝔔(σ, a, 0) = ˆ︁Iσ,λ/ ker ˆ︁Aσ,λ, so the claimed formula for this case 
follows. This form is in fact positive semidefinite on ˆ︁Iσ,λ and positive definite on the 
quotient since bσ,λ(τ) ≥ 0 for all τ ⪯ σ and bσ,λ(τ) = 0 if and only if τa > 0. To show the 
claimed formulas for the subrepresentations ℑ(σ, a, j) and ℑ(σ, n−1

2 , j)
+ ⊕ ℑ(σ, n−1

2 , j)
−, 

we view them as the image of ˆ︁Aσ,−λ and consider the invariant Hermitian form

im( ˆ︁Aσ,−λ) × im( ˆ︁Aσ,−λ) → C,

(f1, f2) = ( ˆ︁Aσ,−λg1, ˆ︁Aσ,−λg2) ↦→
∫︂

Rn\{0}

⟨g1(ξ), ˆ︁Aσ,−λg2(ξ)⟩σ dξ.

Again, by Theorem 3.4 this expression equals
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∑︂
τ⪯σ

1 
bσ,−λ(τ)

∫︂
Rn\{0}

⟨prWτ (ξ)f1(ξ),prWτ (ξ)f2(ξ)⟩σ∥ξ∥−2λdξ.

This implies the remaining formulas. □
Remark 3.10. Since invariant Hermitian forms on irreducible representations are unique 
up to scalar multiples, the above arguments can also be used to decide whether a sub
representation or quotient of ˆ︁Iσ,λ is unitarizable or not by inspecting the positivity of 
the relevant coefficients bσ,λ(τ).

4. Applications

We present two applications of the new models for the irreducible admissible rep
resentations of G. The first one is a simple proof of the unitary branching laws for the 
restriction to the parabolic subgroup P obtained by Liu–Oshima--Yu [13], and the second 
one is a description of the space of Whittaker vectors.

4.1. Branching laws with respect to P

In [13] the authors obtain explicit branching laws for all irreducible unitary represen
tations of G when restricted to P . Their proof relies on first calculating a specific functor 
on the smooth part of principal series representations and then using properties of this 
functor to derive the branching laws. We now describe how to derive these branching 
laws from our results.

The infinite-dimensional irreducible unitary representations of P can be obtained as 
induced representations. We fix the unitary character ψ of N given by

ψ(nx) = e−i⟨x,e1⟩ (x ∈ Rn) (4.1)

and note that its stabilizer in MA is equal to Me1 . For every τ ∈ ˆ︂Me1 the induced 
representation

L2IndP
Me1N

(τ ⊗ ψ)

=
{︄
f : P → Wτ :

f(pmn) = ψ(n)−1τ(m)−1f(p) for all m ∈ Me1 , n ∈ N,

f is measurable and 
∫︁
M/Me1×A

∥f(ma)∥2
τ d(ma) < ∞

}︄

with the left regular action of P is irreducible and unitary. Every infinite-dimensional 
irreducible unitary representation of P is of this form for precisely one τ ∈ ˆ︂Me1 . In what 
follows we also need a smooth version of the induced representation, so we consider

C∞IndP
Me1N

(τ ⊗ ψ)

=
{︁
f : P → Wτ smooth : f(pmn) = ψ(n)−1τ(m)−1f(p) for all m ∈ Me1 , n ∈ N

}︁
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and the subspace C∞
c IndP

Me1N
(τ⊗ψ) of functions which are compactly supported modulo 

Me1N .
The following lemma identifies the subspaces 𝒞∞

c (σ, τ) ⊆ ˆ︁Iσ,λ and 𝒞∞(σ, τ) with 
induced representations:

Lemma 4.1 (cf. [13, Lemma   3.10]). Let σ ∈ ˆ︂M and λ ∈ C. For every τ ∈ ˆ︂Me1 the map

𝒞∞(σ, τ) → C∞IndP
Me1N

(τ ⊗ ψ), f ↦→ fτ , fτ (p) = (ˆ︁πσ,λ(p)−1f)(e1) (p ∈ P )

is a P -equivariant isomorphism (with respect to the action ˆ︁πσ,λ on 𝒞∞(σ, τ)) which 
restricts to an isomorphism between C∞

c -functions and -sections. Moreover,

∥fτ∥2
L2 =

∫︂
Rn\{0}

∥f(ξ)∥2
Wτ (ξ)∥ξ∥−2λ dξ for all f ∈ 𝒞∞(σ, τ). (4.2)

In the last identity we also allow both sides to be infinite.

Proof. By the definition of ˆ︁Iσ,λ(τ), every fτ is a smooth function from P to Wτ . For any 
m ∈ Me1 , nx ∈ N , and p ∈ P we have

fτ (pmnx) = (ˆ︁πσ,λ(n−1
x m−1p−1)f)(e1) = ei⟨x,e1⟩σ(m−1)(ˆ︁πσ,λ(p−1)f)(me1)

= (τ ⊗ ψ)(m,nx)−1fτ (p),

where we used that me1 = e1 and that 𝒞∞(σ, τ) is P -invariant. Thus, fτ ∈
C∞IndP

Me1N
(τ⊗ψ), and the P -equivariance is immediate from the definition. The inverse 

is given by

Φ : C∞IndP
Me1N

(τ ⊗ ψ) → 𝒞∞(σ, τ), Φ(h)(ξ) := ∥ξ∥λ−ρσ(mξ)h(mξe
log∥ξ∥H0).

Finally, the claimed identity for the L2-norms is a consequence of the action of MA in ˆ︁πσ,λ (see (2.7) and (2.8)) and the polar coordinates formula∫︂
M/Me1

∫︂
R 

φ(et ·me1) dt dm =
∫︂

Rn\{0}

φ(ξ) dξ 
∥ξ∥n , φ ∈ L1

loc(Rn \ {0}). □

Corollary 4.2. Let σ ∈ ˆ︂M and a = aσ = min{i : σi+1 = 0}. The following branching laws 
hold:

• (unitary principal series and complementary series) For λ ∈ iR or σm = 0 and 
|λ| < ρ− a:

ˆ︁Iσ,λ|P ≃
⨁︂
τ⪯σ

L2IndP
Me1N

(τ ⊗ ψ).
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• (unitarizable subrepresentations) For 0 ≤ a < m and 0 ≤ j < σa:

ℑ(σ, a, j)|P ≃
⨁︂
τ⪯σ
τa>j

L2IndP
Me1N

(τ ⊗ ψ) if a ̸= n−1
2 ,

ℑ(σ, a, j)+|P ⊕ ℑ(σ, a, j)−|P ≃
⨁︂
τ⪯σ

|τa|>j

L2IndP
Me1N

(τ ⊗ ψ) if a = n−1
2 .

• (unitarizable quotients) For 0 < a < m:

𝔔(σ, a, 0)|P ≃
⨁︂
τ⪯σ
τa=0

L2IndP
Me1N

(τ ⊗ ψ).

Proof. By Proposition 3.7 and Theorem 3.9, each of the Hilbert spaces on which the 
representations are realized is a direct sum of the completions of the relevant subspaces ˆ︁Iσ,λ∩𝒞∞(σ, τ) with respect to the L2-inner product given by the right hand side of (4.2). 
The claim now follows from Lemma 4.1. □
Remark 4.3. To be able to compare our results with the ones in [13], we match their no
tation with ours. The representations constructed in [13] are denoted by πj(γ), π′

j(γ) and 
π±(γ), where γ denotes the infinitesimal character. We identify each of these representa
tions with one of our representations ℑ(σ, i, j), ℑ(σ, i, j)± and 𝔔(σ, i, j). Then it is easy 
to see that Corollary 4.2 is almost the same as [13, Theorems 3.20--3.24], with the only 
difference that we are not able to distinguish between ℑ(σ, a, j)+|P and ℑ(σ, a, j)−|P .

(i) If n is odd:
• For a ∈

{︁
0, . . . , n−3

2 
}︁

we have ℑ(σ, a, j) ∼ = π′
a(γ) and 𝔔(σ, a, j) ∼ = πa(γ), where

γ =
(︃
σ1 + ρ− 1, . . . , σa + ρ− a, σa+1 + ρ− a + j, σa+1 + ρ− a− 1,

σa+2 + ρ− a− 2, . . . , σn−1
2 + 1

2

)︃
.

• For a = n−1
2 we have ℑ

(︁
σ, n−1

2 , j
)︁± ∼ = π±(γ) and 𝔔

(︁
σ, n−1

2 , j
)︁ ∼ = πn−1

2 (γ), 
where

γ =
(︃
σ1 + ρ− 1, . . . , σn−1

2 + 1
2 , j + 1

2

)︃
.

Note that in this case, the representations π±(γ) are discrete series representations 
with lowest K-type (σ1, . . . , σn−1,±(j + 1)).

(ii) If n is even: For a ∈
{︁
1, . . . , n

2 − 1
}︁

we have ℑ(σ, a, j) ∼ = π′
a(γ) and 𝔔(σ, a, j) ∼ = 

πa(γ), where
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γ =
(︁
σ1 + ρ− 1, . . . , σa + ρ− a, σa+1 + ρ− a + j, σa+1 + ρ− a− 1,

σa+2 + ρ− a− 2, . . . , σn
2 
)︁
.

4.2. Whittaker vectors

As in the previous section, we fix the unitary character ψ of N given by (4.1). For a 
Casselman–Wallach representation (π, V ) of G we write V ′ for the continuous dual of V
and denote by

Whψ(π) = {W ∈ V ′ : W (π(n)v) = ψ(n)W (v) for all v ∈ V, n ∈ N}

the space of Whittaker vectors on π with respect to ψ. Since Me1 is the stabilizer of ψ, 
the space Whψ(π) carries an action of Me1 by

m ·W := W ◦ π(m)−1 (m ∈ Me1 ,W ∈ Whψ(π)).

Using Proposition 3.7 we can easily describe Whψ(π) for all irreducible Casselman--
Wallach representations of G. To do so, we first recall the description of Whψ(πσ,λ) for 
all σ ∈ ˆ︂M and λ ∈ C in terms of Jacquet integrals (see e.g. [19, Theorem 15.4.1]):

Theorem 4.4. For every σ ∈ ˆ︂M and λ ∈ C we have

Whψ(πσ,λ) = {W η
σ,λ : η ∈ V ′

σ},

where W η
σ,λ ∈ I ′σ,λ is the unique functional satisfying

W η
σ,λ(φ) =

∫︂
Rn

η(φ(x))ψ(nx) dx for all φ ∈ (L1(Rn) ⊗ Vσ) ∩ Iσ,λ.

Note that by the definition of the Fourier transform, we can write

W η
σ,λ(φ) = (2π)n

2 · η(ˆ︁φ(e1)) for all φ ∈ (L1(Rn) ⊗ Vσ) ∩ Iσ,λ.

It follows from [13, Proof of Lemma 3.9] that for k > −2 Reλ and all φ ∈ Iσ,λ we have 
dπ(N1)kφ ∈ L1(Rn) ⊗ Vσ. Therefore, by the N -equivariance of W η

σ,λ, the observation 
above and (2.9), we have

W η
σ,λ(φ) = ikW η

σ,λ(dπσ,λ(N1)kφ) = (2π)n
2 ik · η( ˆ︂dˆ︁πσ,λ(N1)kφ(e1)) = (2π)n

2 η(ˆ︁φ(e1)),

i.e. the Whittaker functionals are given by evaluation of the Fourier transform at e1 for 
all vectors in Iσ,λ.

The previous statement classifies Whittaker vectors for all irreducible principal series 
representations πσ,λ. Moreover, since
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m ·W η
σ,λ = W

σ′(m)η
σ,λ (m ∈ Me1 , η ∈ V ′

σ),

where (σ′, V ′
σ) denotes the contragredient representation of (σ, Vσ), the Me1-module 

structure of Whψ(πσ,λ) is given in terms of the decomposition of V ′
σ into W ′

τ (τ ⪯ σ) 
dual to (2.12):

Whψ(πσ,λ) =
⨁︂
τ⪯σ

{W η
σ,λ : η ∈ W ′

τ} ≃
⨁︂
τ⪯σ

W ′
τ .

To determine the space of Whittaker vectors on quotients of πσ,λ, it is clearly sufficient 
to determine which Whittaker vectors on πσ,λ vanish on the subrepresentation that is 
quotiented out. It turns out that Whittaker vectors on subrepresentations are all given 
by restrictions of W η

σ,λ. Together, we obtain the following description of the space of 
Whittaker vectors for all irreducible Casselman–Wallach representations of G:

Corollary 4.5. Let σ ∈ ˆ︂M and a = aσ = min{i : σi+1 = 0}.

• If πσ,λ is irreducible, then

Whψ(πσ,λ) =
⨁︂
τ⪯σ

{W η
σ,λ : η ∈ W ′

τ} ≃
⨁︂
τ⪯σ

W ′
τ .

• For 0 ≤ i ≤ a and 0 ≤ j < σi − |σi+1| we have

Whψ(ℑ(σ, i, j)) =
⨁︂
τ⪯σ

τi>|σi+1|+j

{W η
σ,λ|ℑ(σ,i,j) : η ∈ W ′

τ}

≃
⨁︂
τ⪯σ

τi>|σi+1|+j

W ′
τ if i ̸= n−1

2 ,

Whψ(ℑ(σ, i, j)+ ⊕ ℑ(σ, i, j)−) =
⨁︂
τ⪯σ

|τi|>|σi+1|+j

{W η
σ,λ|ℑ(σ,i,j) : η ∈ W ′

τ}

≃
⨁︂
τ⪯σ

|τi|>|σi+1|+j

W ′
τ if i = n−1

2 ,

and

Whψ(𝔔(σ, i, j)) =
⨁︂
τ⪯σ

τi≤|σi+1|+j

{W η
σ,λ : η ∈ W ′

τ} ≃
⨁︂
τ⪯σ

τi≤|σi+1|+j

W ′
τ ,

where we put τ0 = +∞.
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Proof. Again, we solve the problem in the F-picture ˆ︁Iσ,λ instead of the non-compact 
picture Iσ,λ. Here the Whittaker functionals are given by evaluation at e1. Since the 
decomposition (2.14) is N -invariant, it suffices to study the evaluation at e1 on every 
space 𝒞∞(σ, τ). But for f ∈ 𝒞∞(σ, τ) we have f(e1) ∈ Wτ , so η(f(e1)) is zero unless 
η ∈ W ′

τ . Together with the description of the composition factors in terms of their 
projections to the spaces 𝒞∞(σ, τ) in Proposition 3.7 this shows the claim. □
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