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0. Introduction

The unitary dual G of a Lie group G is the set of equivalence classes of its irreducible

unitary representations. While the unitary dual of general Lie groups, in particular of

* Corresponding author.

E-mail addresses: arends@math.au.dk (C. Arends), frederik bang-jensen@hotmail.com
(F. Bang-Jensen), frahm@math.au.dk (J. Frahm).

https://doi.org/10.1016/j.aim.2026.110868

0001-8708/© 2026 The Author(s). Published by Elsevier Inc. This is an open access article under the CC
BY license (http://creativecommons.org/licenses/by/4.0/).


https://doi.org/10.1016/j.aim.2026.110868
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/aim
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aim.2026.110868&domain=pdf
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
mailto:arends@math.au.dk
mailto:frederik_bang-jensen@hotmail.com
mailto:frahm@math.au.dk
https://doi.org/10.1016/j.aim.2026.110868
http://creativecommons.org/licenses/by/4.0/

2 C. Arends et al. / Advances in Mathematics 491 (2026) 110868

most semisimple groups, is still not completely known, there are some subclasses of
groups where we have a full description. The topic of this paper is the unitary dual of
the indefinite orthogonal group G = SOqg(n + 1,1), n > 1, which has been known since
the 1960s by the work of Hirai [8] (see also [1,2,17] for alternative approaches).

Although a unitary representation of G is a representation on a (typically infinite-
dimensional) Hilbert space, many of the irreducible unitary representations are con-
structed by completing a representation of the Lie algebra g of G with respect to an
algebraically defined inner product. This makes the Hilbert space on which the group
acts a rather abstract object. However, when studying analytic problems in representa-
tion theory such as branching problems where restricted representations are decomposed
into direct integrals of Hilbert spaces, it is of utmost importance to have a more intrinsic
understanding of the Hilbert spaces on which the representations are realized (see e.g.
[14]).

The goal of this paper is to provide such realizations for all irreducible unitary rep-
resentations of GG. Every such representation can be realized as a subrepresentation of
a principal series representation induced from a finite-dimensional representation of a
parabolic subgroup P of G. Those principal series representations which are induced from
unitary representations of P are by construction unitary with respect to a natural L2-
inner product, so the corresponding Hilbert space is a space of (possibly vector-valued)
L2-functions. But there exist principal series representations induced from non-unitary
representations of P or even subrepresentations thereof which carry a more involved
invariant inner product given in terms of the standard Knapp—Stein intertwining oper-
ators. What makes the corresponding Hilbert spaces more delicate is the fact that the
inner product is given in terms of convolution with a possibly singular operator-valued
integral kernel. A priori it is not even clear whether the resulting Hermitian forms are
positive (semi)definite.

The key idea is to turn the complicated convolution type Hermitian forms into more
accessible ones by applying a Fourier transform. More precisely, the principal series rep-
resentations can be realized in the so-called non-compact picture on a space of (possibly
vector-valued) functions on a maximal unipotent subgroup N ~ R™. In these coordi-
nates, the Knapp—Stein operators are convolution operators, so the Euclidean Fourier
transform turns them into operator-valued multiplication operators. The main result of
this paper is an explicit expression for these multiplication operators in terms of their
eigenspaces and eigenvalues. The unitarity question then translates to the simple ques-
tion of positivity of these eigenvalues, and the corresponding Hilbert spaces are L?-spaces
of functions with values in the corresponding eigenspaces.

The idea of utilizing the Fourier transform (or the related Laplace transform) for
such problems is certainly not new, see e.g. [3-6,9,10,14-16,18]. However, so far it has
mostly been applied to principal series representations induced from one-dimensional
representations. Since most of the representations in the unitary dual of G are contained
in principal series representations induced from higher-dimensional representations of P,
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we have to deal with vector-valued functions and operator-valued integral kernels, making
the analysis much more subtle.
We now give a more detailed description of our results.

Principal series representations and intertwining operators Let G = SOg(n + 1, 1), the
identity component of the group of real matrices of size n + 2 preserving the standard
quadratic form of signature (n+ 1, 1). The stabilizer P in G of the isotropic line through
(0,...,0,1,1) € R"*2 is a parabolic subgroup and has a decomposition into P = M AN
with M ~ SO(n), A ~ R} and N ~ R". For every irreducible representation (o, V,) of
M and for every (not necessarily unitary) character e* parameterized by A € C we form
the induced representation (smooth normalized parabolic induction)

Tox = Ind%(oc @ e* @ 1)

of G. The quotient G/P contains an open dense subset isomorphic to a unipotent
subgroup N ~ R™ opposite to N, so by restriction we can realize Ty ON & Space
I,» C C®R™,V,) of V,-valued smooth functions on R"™, the so-called non-compact
picture. An alternative way of viewing these representations is via conformal geometry:
the group G acts on R™ via conformal rational linear transformations and (7, x, I5,2) is
the corresponding family of multiplier representations on V,-valued functions on R™.

For A € iR, the character e is unitary and 7, \ extends to a unitary representation
of G on L%(R",V,) which is always irreducible, forming the so-called unitary principal
series. While this Hilbert space is rather explicit, the Hilbert space completion of other
representations 7, » and their subrepresentations/quotients is more involved. First, for
every self-dual representation o of M, there is an explicit constant a, > 0 such that
7ox (With A € R) is irreducible and unitarizable if and only if A € (—as,a.). These
representations form the complementary series and their invariant inner product can be
written as

Toa % Iox = C, (firfo) / / (@), K@ — ) o)) dedy,  (0.1)

]R n R n
where

xat

K, a(z) = const x |z|** "o (In - 2W> € End(V;) (x e R™\ {0}).

Here we extend the self-dual irreducible representation o of M ~ SO(n) to O(n) and
note that I,, — 2zz!/||z||? € O(n) for every z € R™ \ {0}. (Such an extension is unique
up to twisting by the determinant character, so the above expressions only differ by a
sign.) Moreover, the constant in K, x(z) can be chosen such that K, » forms a family
of distributions in §’'(R™) ® End(V,) which depends holomorphically on A € C and is
nowhere vanishing. We remark that it is a priori not clear that K, ) is positive definite
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for A € (—as,as), and there is no obvious explicit description of the Hilbert space
completion of I, x» C C*°(R") ® V,, with respect to the corresponding inner product
(unless A = 0 where K, »(z) = const x d(z) - idy, ).

The kernels K,y € S'(R™) ® End(V,) arise from a family of intertwining operators
As I n — I (again o is assumed to be self-dual) in the sense that

Agaf(a) = / Koale—9)f)dy  (f € Iya,z € RY),
]RTL

the integral meant in the distribution sense. All other irreducible unitary representations
of G can be obtained as (one of at most two direct summands of) the kernel or image of
A » and the invariant inner product is given by a similar expression as above, possibly
regularized in .

The Fourier transform of intertwining operators The main result of this paper is a
more accessible formula for the kernels K, € S'(R™) ® End(V,) and hence for the
intertwining operators A, » in terms of the Euclidean Fourier transform. To state this
formula, we first observe that the stabilizer M¢ of ¢ € R™ \ {0} in M is isomorphic to
SO(n—1). By the classical branching rules for the pair of groups (SO(n), SO(n—1)), the
restriction of o to M, decomposes into a multiplicity-free finite direct sum of irreducible
representations 7 of My. We write

Vo= @ W) (€R™\{0})

TGM&

for the corresponding decomposition of the representation space V,, indicating its de-
pendence of £. Note that since any two stabilizers M, are conjugate, we can use the same
parametrization of the representations 7 for all &.

Theorem A (see Theorem 5./). Let o € M be self-dual. The Euclidean Fourier transform
K, of Ky x € S'(R™) @ End(V,,) is smooth on R™\ {0} and given by

Kox(€) = 117 " boa(7) - pryy. o) € End(V,)  (€€R™\{0}),  (0.2)

with scalars b, A(T) given explicitly in (3.8) in terms of the highest weights of o and 7.

In the special case V,, = A\’ C", this formula was previously obtained in [7] and [12]
(see Remark 3.6 for details).

Applying the Plancherel Formula for the Euclidean Fourier transform as well as the
fact that the Fourier transform turns a convolution into a multiplication, (0.2) allows us
to rewrite the invariant inner product (0.1) as
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(f1,f2) = D b a(7) / (Pryw, () F1(€) Prw, 6 F2(€))o €] 722 dE. (0.3)

i R™\{0}

The scalars b, »(7) turn out to be positive for all 7 if and only if A € (—a,,as), so
we obtain a new proof for the existence of the complementary series together with an
explicit description of the Hilbert space completion as the Fourier transform of a weighted
vector-valued L2-space:

Corollary B (see Theorem 3.9 (2)). Let o € M be self-dual. The Hilbert space completion
of the complementary series representation I, x, A € (—ay,a,), S

FES RN @Vo: )Y boa(r) / Iprw, (&) fE)II11€17>* d¢ < o0 p . (0.4)
i R™\{0}

Irreducible subrepresentations and quotients By Theorem A, we obtain the following
explicit expression for the Fourier transform of the intertwining operator Ay » : Io x —
Igyf)\:

~

AnJ©) = €7 Y boa(7) - pru e F(€)  (f € Iox, & €R™\{0}). (0.5)

All other irreducible unitary representations of G arise as (one of at most two direct
summands of) the kernel of A, ) for self-dual o € M and A € R (see Proposition 3.7 for
the precise statement). The kernel of A, » is

-~

ker Ay = {f €L fle)e @ W€ forall ¢ eR™\ {o}}.

Tibo,\ (7)=0

The invariant inner product on the unitarizable subrepresentations is given by a similar
formula as in (0.3) and the corresponding Hilbert space completion is again the Fourier
transform of a weighted vector-valued L2-space:

Corollary C (see Theorem 3.9 (3) and (4)). If the subrepresentation ker Ay x of I, x is
unitarizable, then the invariant inner product is given by

1 -~ ~
(f1, f2) = E PR / (Pryw, (¢)1(6), Pryv, ¢) f2(€))o[I€] 7 dé
bg _)\(7')
Tibo A (7)=0 7’ R\ {0}

and the corresponding Hilbert space completion equals

{f €S RNV, : F(©) € @y, ()0 Wr(€) for all € € R™\ {0} and } .

ZT:bay)\(T):O bffﬁ)\(ﬂ_l fRn\{o} ||er,.(§)f(§)||c27”€”_2)\ d§ < oo
(0.6)
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We remark that our results can easily be translated to the disconnected groups SO(n+
1,1) and O(n+1,1). However, we chose to work with the connected group G = SOg(n +
1,1) since here both the maximal compact subgroup K, the Levi factor M and the
stabilizers M are connected and hence their irreducible representations are parametrized
in terms of their highest weights.

Applications to branching laws and Whittaker vectors Applying the Euclidean Fourier
transform to I, » and its unitarizable subrepresentations yields new realizations for all
irreducible unitary representations of G' on weighted vector-valued L2-spaces. In these
realizations, the action of the parabolic subgroup P opposite to P is particularly simple.
This allows us to immediately deduce the decomposition of the restriction of these unitary
representations to P into irreducibles. In this way, we obtain a new and direct proof for
the branching laws obtained by Liu-Oshima—Yu [13] (see Corollary 4.2).

Moreover, restricting even further to the unipotent subgroup N, we can use these new
models to describe the space of Whittaker vectors on all Casselman—Wallach representa-
tions of G. In fact, by the theory of Jacquet integrals (see e.g. [19, Theorem 15.4.1]), it is
known that the space of Whittaker vectors on I, » is naturally isomorphic to V.. What
is more difficult to describe is which Whittaker vectors factor through a quotient of I, »
resp. restrict to non-zero Whittaker vectors on a subrepresentation. Corollary 4.5 gives
a precise answer to this question for all irreducible subrepresentations and quotients of
1, and also identifies the structure of the space of Whittaker vectors as a representa-
tion of the stabilizer in M of the respective character of N. These results hold without
the assumption on ¢ to be self-dual, so they include indeed all irreducible admissible
representations by the Casselman Embedding Theorem. We note that these results can
also be obtained using the machinery developed in [13] (see e.g. [13, Remark 3.5]). Our
proof seems to be more direct and also relates the Whittaker vectors to the classical
Jacquet integrals.

Idea of the proof Instead of trying to compute the Fourier transform I?,,y A(€) directly
(which seems to be difficult in general), we make use of the intertwining properties of
Ag . More precisely, using the fact that A, ) is intertwining for the action of P we first
conclude that IA(M(Q“) has to be of the form in (0.2) for some scalars b, (7). Then we
study in detail the Fourier transform of the Lie algebra action of n to show a recurrence
relation for the scalars b, x(7), thus determining them up to a holomorphic and nowhere
vanishing function in A. This last step is inspired by the technique developed in [1].

Acknowledgments The first named author was supported by a research grant from the
Aarhus University Research Foundation (Grant No. AUFF-E-2022-9-34). The second and
third named authors were supported by a research grant from the Villum Foundation
(Grant No. 00025373). The third named author would like to thank Santosh Nadimpalli
for inspiring discussions about Whittaker vectors on subrepresentations and quotients.
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1. The unitary dual of rank one orthogonal groups

We recall from the literature the classification of all irreducible unitary representations
of the group G = SO¢(n + 1,1) in terms of the irreducible admissible representations
and intertwining operators between them. We assume throughout the whole paper that
n > 1 since for n = 1 the group G is isomorphic to PSL(2,R) whose representation
theory is well understood.

1.1. Groups and decompositions

Let G = SOg(n + 1,1) denote the identity component of the group of all matrices in
GL(n + 2,R) that leave the quadratic form

R"2 5 R, z+— o'z, I = diag(l,...,1,-1),

invariant. We fix the Cartan involution 6(¢g) = (¢*)~! on G and denote the corresponding
involution on g = Lie(G) by the same letter. Then g decomposes into the +1 and —1
eigenspaces £ and p of 6 on g:

g:{(ﬁ 8>|Aeso(n+1),I)ER”“}:{(B1 8)69}@{<l§1 8)69}

=t3pp.
We choose the maximal abelian subalgebra a := RHj of p, where Hy = Ep41 042 +
Ept9nt+1 with E; ; denoting the (n + 2) x (n + 2)-matrix whose (¢, j)-entry is equal to

1 and which is zero everywhere else. The root system for (g, a) consists of the roots 4+,
with v € ag such that y(Hp) = 1. We denote the corresponding root spaces by

ni=g, n=g_,=0n
and write N :=exp(n), N :=exp(n) = ON. Choosing +~ as the positive root, the half
sum of positive roots with multiplicities is given by p = §v and n = span{Ny,..., N, },

1 =span{Ny,...,N,} with

Nj = FEjnt1 = Ejnt2 — Engi1j — Enyo,
Nj = 0(N;) = Ejnt1 + Ejn+2 — Enyrj + Ensa -

For z € R™ we set

Ng ‘= exp <ijNj>, Ny = exp (ijﬁj)
j=1
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Moreover, let K = G? =2 SO(n + 1) be the maximal compact subgroup of G consisting
of the fixed points of 6 and put

I, 0 0
A:=expa= { ( 0 cosh(t) sinh(t)) |t e ]R}
0 sinh(t) cosh(¢)

A 0 0
M = ZK(a){<8 (l) (1)> |A€SO(n)}ZSO(n).

Writing P for the minimal parabolic subgroup M AN we obtain the open dense Bruhat
cell NP C G. For generic 2,y € R™ the element n, 7, is again contained in NP. In
order to compute its decomposition as m,me*fon,,, we use the representative wq =
diag(—1,...,—1,1) of the non-trivial Weyl group element in the slightly bigger group
O(n+1,1).

Lemma 1.1. For z € R\ {0} we have won, = nyme'fon, with

€T l‘IEt

y= R m= ZW — I, € O(n) = diag(O(n),1,1), t=2log|z|.

Proof. Note that

1, T —x 1, T T
2 2 2 2

x x J— x x

ne = | 2t 1- Il %\I Il 2H and 7, = | —2t 1-— H22H _ 2H
2 2
gt 7|\:702H 1+ HIQH 2t H@“QH 1+ IIIQII

The result now follows by straightforward calculations. O

“17, = ,meHon, € NP with

Lemma 1.2. For x,y € R™ with ||z||*y + = # 0 we have n;

O C e G <2<x+ lol?) (@ + 2l ) (: L >
o+ Tzl EEEENE a2 ")
R

t =2log Tzl

and some ny € N.

Proof. We first write n;lﬁx = wo(Won—ywo)WoTly = WoRl—yWoT,. By Lemma 1.1 we
write woTt, = M,meton, so that n;lﬁz = woﬁv_ymetHOnv. Using Lemma 1.1 again we

write woty—y = ﬁzﬁle{HOnz with
T
v—y R Y llzlP A+ l2]?y)

o=yl D= vl o+ 2]yl

z =
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t
(5 +9) (5 +v)
m=2 —

T2+l

and f = 210g||W + yl|. Thus,

n_lﬁa; = ﬁzmetHUnzmetHonv =n,mme

(t+t)Ho
y n

for some ny € N. O
1.2. The principal series and intertwining operators

Identifying af. = C by A — A(Hp), we define, for each X € af, a character e* on A by
e*exp(tHy)) == €' for t € R. For 0 € M and X € af. we consider the principal series
representation INU,A induced from the character o ® e ® 1 of P = M AN, i.e.

Iy =dS(c@e* ®1)

= {f e C®(G,V,) | f(gman) = a= PP a(m)™ f(g) Vg € G, man e P}

with the left-regular G-action 7, .

For every o € M there exists a family of intertwining operators 1:(,7 A = wam_ A
depending meromorphically on A € C. These operators are given by a convergent integral
for Re(A) > 0 and can be extended to all A € C by normalizing with an appropriate
gamma factor. To study unitarizability, it is sufficient to consider intertwining operators
in the case where wgo ~ o, and we construct the corresponding family of intertwining
operators Il,y x— —» algebraically using the spectrum generating approach of [1]. We
refer to this paper for the details of the construction and only state the results that we
need.

We carry out the study of reducibility of fa, » and the construction of intertwining
operators in the compact picture. Restriction from G to K defines an isomorphism of

I 5 onto
ISPt = {f € C®(K,V,) | Ym & M : f(km) = a(m™ 1) f(k)}. (1.1)
This isomorphism becomes G-equivariant if we endow IP* with the action
T (9 f (k) = a(gT k)T f(R(gTR) (g€ G ke K, f € I(N),

where a(g) resp. k(g) denote the A- resp. K-component in the Iwasawa decomposition of
g € G. The realization on I$?* is called the compact picture. The restriction of 7" 'V to K
is the left regular representation of K on I** and hence independent of A. By Frobenius
reciprocity and the multiplicity-one property for the pair (K, M) = (SO(n + 1),S0(n)),
it decomposes into a multiplicity-free direct sum of K-types
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15 = @ 17(a),

aef(\
o=

where we write o < « if o occurs in «|y. As usual, we parameterize « by its highest
weight (aq,...,qm) € Z™ with a1 > ... > ap, > 0if n =2m iseven and ag > ... >
Qm—1 > || if n=2m — 1 is odd. Then o < « if and only if

041>O’1>052>0'22...20m_1204m2|0m| 1fn:2m, (12)

Q1 >01 > > 00> ... 2 Ot > | if n=2m —1, (1.3)
where (01,...,0.,) resp. (01,...,0m—1) denotes the highest weight of o € M.

For the construction of intertwining operators, we assume that o, = 0 in the case
where n = 2m, then wgo ~ o and there exists a meromorphic family of intertwining op-
erators (m;” VI — (m” * ISP, By Schur’s Lemma, every such intertwining operator
acts by a scalar a(«) on each K-type IP*(«). In [1, Theorem 3.1] a meromorphic family
of scalars which give rise to intertwining operators is determined:

B S T(p+1—k+ap—N)
a(a)_’gr(p+17k}+ak+/\).

Note that for k = m = ”T'H the parameter «,, can be negative, but we can rewrite the
corresponding factor

Tlp+l-—m+an—A) TG+am—2A) TG+ |oaml =)

Clo+l—m+am+X) T(G+am+A) T3+ |am+N)

by the functional equation for the gamma function. Therefore, we can replace ay by ||
in the formula for a(«). Multiplying a(«) with the meromorphic function

1 " Flp+1—k+op_1+N)
Llp+o1—=A) 25 Tlp+1—k+or—2A)

leads to the following holomorphic family of scalars

m

H(p+1_k+ak _)\)‘ak‘_ak(p—’_]‘_k+|ak|+)\)ak—l_|0¢k|
k=2

(p +o01 - )‘)a1*01
L(p+ a1+ A)

ag (o) =

(1.4)
where (z), = F(Fw(:)") =z(x+1)---(x+n—1) denotes the Pochhammer symbol. We let
Ayt I — ISP denote the corresponding intertwining operator.
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1.3. The admissible dual

In this section we describe the irreducible subrepresentations and quotients of fg, A
For the statement it is convenient to put o,,41 = 0 resp. o, = 0 in the case where
n =2m resp. n =2m — 1.

Proposition 1.3.

(1) The representation (wﬁf’ﬁ,fgpt) of G is reducible if and only if X\ or —\ is contained
in the set (p —a+No)\{p—k+|ox| : k=1,...,a}, where a € {0,1,...,|5]} is
minimal such that 0,41 = 0.

(2) For X\ = p+ |o1]| + j with j € Ny, there is a unique irreducible subrepresenta-
tion 3(0,0,7) with K-types {o = o : a1 > o1 + j} and the corresponding quo-
tient Q(0,0,7) is also irreducible, finite-dimensional and realized on the K-types
{a=0:a1 <o1+j}. If o, =0, then 3(0,0, ) is the kernel of Ay x.

(8) For A\=p—i+|oj41|+7 withl <i<m and0<j < o; — |oj41] we have:

(i) If i # "5, then there is a unique irreducible subrepresentation J3(o,i,j) of
(ng’j;,lgpt) with K-types {a = o : ajy1 > |oit1] + j}. The corresponding
quotient Q(o,1,7) is also irreducible and realized on the K-types {a = o :
it1 < loi1| + 7} If o0y =0, then 3(o,4,7) is the kernel of Ay .

(ii) If i = %47 then the kernel of A, x is the direct sum of the two irreducible
subrepresentations J(o,i,7)* with K-types {a = o : +a;41 > j}. The cor-
responding quotient Q(o,1,7) is also irreducible and realized on the K -types

{a=o:|ain] <j}.

We summarize the key observations from [1, (2.13), Section 3.a and Remark 3.2] that
are necessary to prove this result:

(A) Applying dﬁi’fﬁ(g) to a K-type I’'(a) maps into the direct sum of the K-types
It (B) for p e {afU{ater:k=1,...,m}.
(B) For B = a + e, resp. 8 = a — ey, the K-type IP*(3) is in fact contained in the

image of I?"*(«) under dwif’)t\ (g) if and only if

ctNa)=p+l—k+ar+A#0 resp. c, (N\a)=p—k+a—A#0. (1.5)

o

(C) Let V C (ﬂi{’;,lcz’t) be a subrepresentation. If n = 2m and o, # 0, then there
is no non-trivial intertwining operator V. — (7", I*). In all other cases a map
AV = (ng’i)\, I¢PY) is intertwining if and only if it is given by a scalar a(a) on

each K-type I"*(a) C V and the scalars {a(«)},, satisfy the following recurrence
relation whenever both o and o + e, are K-types of V:

(p+1—k+ar+ A -alatey)=(p+1—k+ar—N-ala).
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Observation (B) implies in particular that 7, » can only be reducible if A — p € Z.
Since 7, and 7.+ _ are dual to each other, it is sufficient to consider the case A > 0.
We treat the cases A > p+ |o1| and 0 < X < p + |o1| separately.

Lemma 1.4. Let A\ = p + |o1| + j for some j € Ng. Then (ﬂﬁf’;,jgpt) has a unique
irreducible subrepresentation J(o,0, ) realized on the K-types {a = o : aq > |o1| + j}
and the quotient Q(o,0,j) = I /3(0,0,7) is irreducible and finite-dimensional with K -
types {a = o : a1 < |o1| + j}. Moreover, if o, = 0 then 3(0,0,7) is the kernel of the

intertwining operator Ay x and Q(o,0,7) is isomorphic to its image.

Proof. Using the inequalities in (1.2) and (1.3) one can show that ¢ (\,a) > 0 for all
k=1,...,m and all @ = o. Moreover,

_ ) <-k=-75<0 for k> 1,
(N a)=—k+ap—|o|—J .
=—14a;—|o1|—j fork=1.
It follows that ¢, (A, o) = 0 if and only if £ = 1 and «; = |o1|+j+ 1. This shows the first
claim. For the second claim it suffices to observe that the only factor in (1.4) which can
vanish is (p 4+ 01 — Nay—o; = (—F)a1—0,, and it vanishes if and only if aq — o1 > j. O

We now discuss the case 0 <\ < p+ |oy].

Lemma 1.5. Let 0 < X\ < p + |o1]. Then (%, IY) is reducible if and only if X =

o\ o

p—i+|oip1|+7 for somel <i<m—1with0<j<o;—|oit1]-

(i) If i # 5%, then (wgf’;,lgpt) has a unique irreducible subrepresentation J(o,1, j)
realized on the K-types {a = o | aj11 > |oiy1| + j}. The corresponding quotient
(0,1, 7) is also irreducible and realized on the K-types {a = o : aj1 < |ojp1| +J}-
Moreover, if o, = 0 then J(o,1,j) is the kernel of the intertwining operator Ay x
and Q(o,1,7) is isomorphic to its image.

(i) If i = “5*, then (W{‘;”)ﬁ,lﬁpt) has two irreducible subrepresentations J(o, 25+, j)*
realized on the K-types {a = o : a1 > j}. The corresponding quotient Q(o, 1, j)
is also irreducible and realized on the K-types {« = o : |a;11| < j}. Moreover, the
direct sum J(o, ”T*l,j)Jr @ (o, "Tfl,j)f is the kernel of the intertwining operator

As oy and Q(o,1,j) is isomorphic to its image.

Proof. We first note that for 0 < A < p+|o1| and o = o with a+e; > oresp. a—e; = o
we have

(N a)=pta+A>p>0 resp. g N a)=p—1l+a1—A>—1+a1—|o1]| > 0,
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so that there is no reducibility in the e;-direction. We therefore let 1 < k < m = | 241 ]
and determine for which A and « one cannot reach the K-type o & e from «. Starting
with « + ey, we find

1
cz()\,a):p—i—l—k—l—ak—i—)\Zp—l—l—k—i—ak2§+ak,

so we can only have c}j()\, «) = 0if ay, is negative. This is only possible if n = 2m—1 is odd
and k = m, and in this case ¢;f,(A,@) = 0ifand only if A = —p—14+m— oy, = —3 — am.
This produces the points of reducibility A= 1 +j = p— (m—1) + j with 0 < j < 7yp—1
and the corresponding subrepresentation has K-types {a = o : a;, < —j}. On the other
hand, we cannot reach o — ey, from « if ¢, (A, &) = p—k+a — A = 0. This only happens
if \=p—k+ ag, where o1 > ay > |ok| (since a — e, is a K-type as well). Writing
k = i+1 we obtain the points of reducibility A = p—i+|o;11|+7 with 0 < j < 0y — |o41]
and the corresponding subrepresentation has K-types {a = o : aj41 > |oi41] + j}-
With the convention that o, = 0 for n = 2m — 1 odd this implies the claims about
subrepresentations and reducibility.

We now show the claims about the kernel of the intertwining operator A, » using the
explicit expression (1.4) for its eigenvalues. For 0 < A < p + |o1]| clearly the factors
(p+ o1l = Nay—joy] and T(p + a1 4+ A) ™! are non-zero. Now let X = p — i + [o541| + j
with 1 <i<mand 0 < j < o; — |041], then

(p+ 1 - k+0k - A)loek|—ok = (7’—'_ 1 - k"‘Uk - |Gi+1| _j)loek|—akv
(p+1—=k+lar]+ Ny —jar) = Cp+1—i—k+|ag] + 0it1+ oy —fas-

The second term is always non-zero since ¢ < m, k < m, j > 0 together with (1.2) for
n = 2m even imply

204+ 1—i—k+|ag|+oip1+j=n+1—i—k+|ag|+oir1+ji>n+1-2m >0.

The first term vanishes if and only if
i+1—k+or—|oit1]—7 <0 and i+1—Fk+|ag| —|oit1] —J > 0.

For i +1 > k both terms are > 0 and for ¢ + 1 < k both are < 0. For i +1 = k
the first term is equal to 0 (hence in particular < 0) and the second term is equal to
|oiy1| — 0441 — J which is > 0 if and only if |o;41| > 0i+1 + j. This shows that the
kernel of A, x consists of the K-types {a = o : |a;q1| > 041 + j}, so it equals J(o, 1, j)

if i # 251 and 3(0,4,j) T @ I(o,4,5)” if i =251 O

Proof of Proposition 1.3. Combining Lemma 1.4 and 1.5 shows the statements. O
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1.4. The unitary dual

We now turn to the question of unitarity. For this, we first determine which of the
irreducible subrepresentations and quotients are unitarizable. For the composition factors
from Lemma 1.4 we find:

Lemma 1.6. J(0,0, j) is unitarizable if and only if o is trivial. Q(o,0,7) is unitarizable
if and only if it is the trivial representation, i.e., if c =0 and j = 0.

Proof. The existence of an invariant inner product on a subrepresentation V C
(" v, ISPY) is equivalent to the existence of an intertwining operator A : V — (r? LIt

whose eigenvalues a(a) on the K-types ISP* () C V are all strictly positive (see e.g. [1,
p. 203]). Let us first consider J(o,0, 7). If both o and « + ey, are K-types and k > 2, we
have by Observation C

alot+ex) 1—k+oap—01—] <0
a(a) n+l—k+ar+o1+j

since o =< a. Thus, every possible intertwining operator defined on J(c, 0, j) changes signs
between « and a+ ey, so J(o,0, 7) is not unitarizable in these cases. This situation never
occurs if and only if either n = 2mand oy = ... = o orifn=2m—1and o = (0,...,0).
For n = 2m there only exist intertwining operators if ¢,, = 0 by Observation C, so for
both even and odd n we can restrict to the case where o = (0,...,0) in which there
exists a non-trivial holomorphic family A, x of intertwining operators (see Section 1.2)
and hence, by regularization, a non-zero operator J(o,0,j) — (W?ji)\, Icpt
only K-types of the form o = (§ + 1 + £)ey, £ € Ny, occur in (0,0, j) and we have

). In this case,

a((j+2+ Oer) _ 1+
a((j+1+0e) n+2j+1+4

>0 for all ¢ > 0,

so that J(o,0, j) is unitarizable in this case. Finally note that Q(o,0,j) is finite dimen-
sional, so it is unitarizable if and only if it is the trivial representation, i.e., if 0 = 0 and
j=0. O

Next, we consider the composition factors from Lemma 1.5:

Lemma 1.7. Let A = p — i+ |oy11]| + j as in Lemma 1.5 and a = min{k : o441 = 0} =
max{k : o # Op41}.

(i) 3(o,i,j) is unitarizable if and only if o, =0 and i = a,
(i) Q(o,1,7) is unitarizable if and only if 0, =0, i =a and j =0,
(iii) 3(o, "5, j)F is unitarizable for all j > 0.
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Proof. First note that by Observation (C) we may assume o, = 0 if n = 2m. Using the
same method as in the proof of Lemma 1.6, we have to check whether

alater) p+1—k+oar—A
a(a) p+1—k+ar+A

>0

whenever both a and « + e are contained in the relevant composition factor. For the
numerator we have

>0 ifi=k—1and ar > |ojt1| +J,
<0 ifi=k—1and ay <|oj11|+ 7,
>0 ifi>k-—1,
<0 ifi<k-1,

p+l1—k4+ar—X\= —(k—1)+i+04k—‘0i+1|—j

(1.6)
since, if ¢ < k — 1 then 0,41 > ay, and if i > k — 1 then a, > 0 > |0;41] + j. Moreover,
for the denominator we find

p+tl—k+ar+A=n—i—(k—1)+ax+|oi1|+J

<0 fi=k—1=22Land —ay > |oip1]|+7 +1,
{ if ¢ 5= an ag > |oip1] +J (L)

>0 else,
since ay, + [oj41] +j > 0 if k # 2. For J(0,4, j) we have that (1.7) is always positive
since i # “51. To ensure that also (1.6) is positive for all o, a+ ey, occurring in Z(o, 1, j)
we have to ensure that ¢ < k — 1 is not possible. This is the case if and only if 7 is
maximal such that o; # 0;11. The other cases follow from similar considerations. O
Finally, we determine the possible complementary series:

Lemma 1.8. Let o € M and A € R. Then (Wif’f\, IPY) s irreducible and unitarizable (i.e.

belongs to the complementary series) if and only if o = 0 and
A <p—a,
where a = max({k | o # ok+1 =0} U{0}) = min{k | o1 = 0}.
Proof. By [1, La. 5.2] we have complementary series representations for ¢,, = 0 and
Al < min{c(0,a): a,a+eg = o}
By (1.5) we thus have to minimize

lp—k +ap + 1
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foroc fa+e,aand 1 <k <m= L"THJ In all cases, this expression is minimal for
k=a+1land o, =0. O

We collect the results about unitarity in the following theorem. For simplicity, we put
0o = 00, then the unitarity results for ¢ = 0 and ¢ > 0 can be combined.

Theorem 1.9. For o € M let a, = min{k : o1 = 0}. The unitary dual of G consists of

the following representations:

o The unitary principal series I, x with o € M and \ € iR.

e The complementary series I, with o € J\/l\, om=0and0 <A< p—a,.

o The unitarizable subrepresentations J3(o,a4,75) resp. 3(0,ay,5)F with o = 0, ay #
"TH resp. Gy = ”T“ and 0 < j < o, .

o The unitarizable quotients Q(o, ay,0) with o € M and o, = 0.

Proof. It follows from Observation B that the unitary principal series " Y, A € iR, is
always irreducible, and it is unitary with respect to the L2-inner product on L?(K)® V.
Together with the complementary series (see Lemma 1.8), these are all irreducible uni-
tarizable principal series representations. The remaining representations in the unitary
dual are to be found among the composition factors at points of reducibility A € R\ {0}.
By [1, Remarks 3.2 and 3.3], composition factors in the case where n = 2m is even
and o,, # 0 are never unitary. The unitary ones in the other cases are determined in
Lemma 1.6 and 1.7 for A > 0, and since 7~ _y is dual to 7, » these are all. O

Remark 1.10. Comparing K-types and infinitesimal characters (see also [13, Fact 3.11]),
we find the following equivalences:

. j(O’,?;,j) gQ(O’—F (] + 1)€i+1,i—|— 10041 — |Ui+2|) fo<i<m-—1,

cpt . _ .
.« Joym—1,5) 2 orsenem) i+ en on if n = 2m is even and oy, # 0,
g, yJ) = cpt ~ _cpt ifn =9 . d —0
Tt (j41)em,0 = To—(j+1)em,0 1L 7= 2m is even and oy, = 0.

Example 1.11. For n = 3 we obtain the following composition structure of (7" Y, IPY)
for A > 0 and o = 0y € Np: We only have reducibility if A € (3 + No) \ {3 + 0 }. When
A= % + 0 + j for some j € Ny, then J(0,0,5) and Q(0,0, j) are irreducible and realized

on the K-types

~ 1 ~ 1
{(0417042) €K | >U+j)\2} resp. {(041,042) €K |a; S)\Q}-

If A\ = 1+ for some 0 < j < o, then J(0,1,7)* and 9Q(c,1,5) are irreducible and
realized on the K-types
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1

~ 1 ~
{(al,a2) € K| tas >j>\2} resp. {(al,ag) € K| |as| g/\2}.

2. The non-compact picture and its Fourier transform

By restricting functions on G to the open dense Bruhat cell NP C G we obtain
a realization of the principal series on a space of functions on N ~ R, the so-called
non-compact picture. Taking the Euclidean Fourier transform on R"™ gives yet another
realization and we study the Lie algebra action in this realization.

2.1. The non-compact picture

Since NP C G is open and dense and N N P = {1}, the restriction map 1:07)\ —
C>(N,V,), f — fx = flz is one-to-one. We denote its image by I, . Letting
Tox(9)fv = (Fox(9)f)xy we obtain a G-representation m, x on I, . In the following
we identify N = R" by n, — z and abbreviate f(n,) = f(z) for z € R™ and f € I,, ).

Lemma 2.1. For every A € C, we have

S(R™) ® Vo C Isx C Cisp(RM) @V,

temp

where S(R™) is the Schwartz space and Cgg,,  (R™) the space of tempered smooth functions
on R™. More precisely, every f € I, grows at most of order (1 + ||z]|?)=®eAr) gs

T — OQ.

Proof. For the first inclusion we extend f € S(R™) ® V,, to fe fa,A by

= a *"Pa(m)"f(x) if g=mn,man € NMAN,
. 0 else.

Since f vanishes at infinity together with all its derivatives, this defines a smooth function

fon G which clearly has the right equivariance properties. This shows the first inclusion.

For the second inclusion we first decompose 7, = kan € K AN in terms of the Iwasawa

decomposition. Then

e = 0(y) e = 0(n)"10(a) " 0(k) kan = 0(n) " ta®n

Ny

since 0(k) = k, 6(a) = a~ ! and 0(7,) = n,. By Lemma 1.2 we find that a® = exptH,
with ¢ = 21og(1 + ||z||?), so that

fy(z) = f(e) = f(kan) = a7 f(k) = (L+ ||z*)" M2 f (k) (f € L)

Since K is compact, f(K) is bounded and the claim follows. O
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The action of N, M and A with respect to 7, is given as follows:

Tox(y) f(z) = f(z —y) y € R,
Ton(m)f(z) = o(m)f(m ') m € M ~ SO(n),
o () f(z) = NP f(ela) teR.

Using Lemma 1.2 we also obtain a description of the N-action, which gives us the fol-
lowing expressions for the derived representation dm, » of 7, x:

drg \(N;)f(z) =—0,;f(z), j=1,...,n (2.1)
dro \(T)f(x) = do(T)f(z) = Drof(x), T €m=s0(n) (2.2)
drox(Ho)f(x) = (E+ A+ p)f (), (2.3)

o\ (Nj) f(2) = |[2]?0; f () = 22;(E + A + p) f ()
+2da(ze§» fej:ct)f(:r), j=1,...,n (2.4)

where D, denotes the directional derivative in the direction of a € R"™ and FE

>y ;0; denotes the Euler operator on R".

2.2. The F-picture

By Lemma 2.1, we have I, x C C2 (R") @V, C S'(R") ® V,, so the Euclidean

temp
Fourier transform is defined on I, . We normalize the Fourier transform by

FNE) = Gy [ @)
Rn

For A € ag and 0 € M we define a representation 7, » of G on F (I, ) by
Tox(g) o F =Fomsa(g9), g€G.
Again by Lemma 2.1 we have the inclusions
SR") @V, C F(I,) CS'R") @ V,. (2.5)

By the intertwining properties of the Fourier transform, we obtain the following for-
mulas for the action of P:

Fon(Tiz) f(€) = e =8 £ (€) (z € R™), (2.6)
For(m)f(€) = o(m)f(m ™) (m € M), (2.7)
Foa(eT0)f(&) = e f(e7te) (t €R). (2.8)
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This implies that the derived representation d7,  of Ty x is on n, m and a given by

dma \(N;) (&) = —i& f(£), j=1,...,n (2.9)
dre\(T)f(§) = do(T)f(§) — Dref(§), T €m=so(n) (2.10)
dTe(Ho)f(§) = —(E — A+ p) f(§). (2.11)

The n-action is given by the following lemma.
Lemma 2.2. For each j € {1,...,n} we have
dme A (N;) f(§) = —i(fjA —2(E = A+ p)9; — 2do(9e}; — ejat))f(é),
where 0 ==Y}, Okey.
Proof. By Equation (2.4) and the properties of the Fourier transform
0; 0 F = F o (—ix;) and & o F = F o (—i0)),

we have

dT o\ (Nj)f(€) = —1AE f(€) = 210;(A+p = Y O&r) F(€) + 2ido(De; — ¢;0") f(€)

k=1
= —1§AL(§) — 210, f(§) — 2i0;(A + p) f(§) + 210;(E + n) f(§)
+ 2ido (Def — e;0") f(€)
= —1§Af(E) — 210; f(€) — 210;(A = p) f(£) + 21(ED; + 9;) f(€)
+ 21d0’(a€§ —e;0Nf(¢). O
In what follows we abbreviate
Bij = §]A — 2(E — )\ + p)aj — 2da(8e§ — ejBt).

2.3. Decomposing the N -action

In this section we investigate the N-action in the F-picture in more detail. For this,
we first restrict functions to R™ \ {0}.

Lemma 2.3. The kernel of the restriction map F(I, ) — D'(R"\{0}) ®V,, is the largest
finite-dimensional g- resp. G-subrepresentation of F(Iy ).

Proof. First note that finite-dimensional subrepresentations of g and G are the same, so
it suffices to show that the kernel is the largest finite-dimensional g-subrepresentation. We
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consider the composition of the restriction with the Fourier transform I, x — F (I, ) —
D'(R™\{0})®V,. The kernel of this map consists of all polynomials in I, x. If f € I, \ isa
polynomial, then the subrepresentation dm, x(U(g))f of I, x generated by f is contained
in the space of polynomials by (2.1)-(2.4). But by Lemma 2.1 the degree of every such
polynomial is at most —2(Re A\ + p), so this subrepresentation is finite-dimensional. If
conversely V' C I, y is a finite-dimensional subrepresentation, then the nilpotency of
implies that dm, (M)*V = {0} for sufficiently large k. But dm, »(N;) = —9; by (2.1),
so V consists of polynomials. Finally, by Proposition 1.3 there is at most one non-trivial
finite-dimensional subrepresentation of I, x. O

In view of the previous statement, we denote by 1007,\ CD'(R™\{0}) ® V, the image
of F(I, ) under the restriction map D'(R")®V, — D'(R™\ {0}) ® V. By (2.9), (2.10),
(2.11) and Lemma 2.2, the Lie algebra action d7, » is by differential operators with
polynomial coefficients, so it restricts to a Lie algebra action on IAGV » which we denote by
the same expression.

Now let f € fg,A. If we denote the stabilizer in M of a point & € R™ \ {0} by
M = SO(n — 1), then the restriction of V, to Mg decomposes into a multiplicity-free
sum of irreducible representations. We would like to decompose f(&) according to this
decomposition. Since M, and therefore also the decomposition of V,, depends on &, we
fix e; € R™ as a basepoint and decompose

V.= 6 w.. (2.12)

‘rel\//fe1
70

For each ¢ € R™ \ {0} there exists some m¢ € M, unique up to right multiplication by
M., such that ||£||mee; = &, so that M, = mEMelmgl. Then the decomposition of o,
into irreducibles can be written as

Vo= @ Wi(&),  with W.(¢) = o(me)W-. (2.13)

761\731
70

Accordingly, we decompose the space C*°(R™\{0}, V,,) of smooth functions from R™\ {0}
to V, as

CRR"N\ {0}, V) = @ ¢®(0,7), (2.14)
Teﬁel

70

where C*° (o, 7) consists of all f € C>°(R™\ {0}, V,,) such that

Ve e R"\ {0}: (&) € W-(§).
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We also use the notation C2°(o,7) = C®(0,7) N C°(R™ \ {0}, V,) for the subspace of
smooth functions with compact support. Note that by [13, Lemma 3.9] we have for every
AeCand 1€ M, witht <o:

C2(0,7) C Ipn € C(R™\ {0}, V5).

Remark 2.4. We are not sure whether the decomposition (2.14) also holds on the level
of I, », i.e. whether it is true that

TC,’)\; @ (IAUVAQCOO(J,T)).

TGJ/W\el
70

However, we can decompose every function f € fm » according to the decomposition
(2.14) and use that both the group action 7, of P and the Lie algebra action d7,
of g by differential operators extend to C*>°(R™ \ {0}, V) in a natural way and leave
C°(R™\ {0}, V,) invariant.

Note that each subspace C*(c, 7) is P-invariant. This is clear for the action of N and
A, and for each mg € M:

T (mo) f(€) = o(mo) f(mg ' €) € a(mo)a(mg ' )o (me)Wr = o(me)W-.
In particular, we obtain:
Lemma 2.5. For each T € ]/\4\el the following operators leave the space C* (o, T) invariant:
dito A (Xap) = do(Xap) + €aOp — &p0a,

Z adTo \(Xaj)dTo A (Xad) Zda (Xaj)do(eal’ — €l) + do(Sel — e E
a=1

a,d=1

— [€]7do (e} — €;0") — &;do (9" — £0")

+ Z gd ga )(Eaad _fda )
a,d=1
Z EadRa A (Xap)dF o\ (Xad) Zdo geh)? — 2||¢|Pdo (0" — €0")
a,b,d=1
+ > &La(6ads — £0a)(Eadd — Eada),
a,b,d=1
where X b = eaez evel, = Eop — Epq € m and where we write do(9&" — £0') =

2o =1 do(Xi5)€50;
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Proof. The first line is a direct consequence of Equation (2.2). The other ones follow
from
AT o \(Xap)dTo A (Xca) = do(Xap)do(Xcq) + do(Xap) (€04 — EaOe)
+ (£a0s — §p0a)do (Xeca) + (£a0s — §50a)(€cOa — Eadk)

so that ZZ,d:1 £adT o A (Xaj)dT 5 A (Xaa) equals

Zda aj)do(e &' — &el) Zda aj)(EuE — 1€170.)

n n

+ Y €al€ad; — §0a)do(Xaa) + Y Eal€ady — &0a)(Eada — Eada)

a,d=1 a,d=1

Z Xaj)do(eq&" — Eep) + do(&ef — e;6")E — H§H2d0(8e§» —e;0")

n

=+ Z £d+€] ad — gaajd)dU(Xad)
a,d=1

+ ) Gale 0a) (€40 — €a0a)
a,d=1

n

do(Xoj)do(ea€' — Eeq) + do(Ee; — ;6" E — [|€]*do(0e] — ¢;0") — do(&ej — e;€")

n

+ Z(§aaj — &0a)do(eal’ — Eeb) + D €a(ai — €0a)(€add — Eada)

a=1 a,d=1

=Y do(Xoj)do(eal’ - Eel) + do(ées — e;¢)E — ||€]Pdo (e — e;0") — do(&el — e;¢")
— &do (06" — €0) + do (el — ;&) + D La(6a0; — &0a)(€add — €ada). O
a,d=1
We now investigate some Casimir operators. For this we first define the normalized

Killing form

B(X,Y) = —%tr(XY)

on g. Note that with respect to this form each orthonormal basis vq,...,v,—1 € R”
of e C R™ gives rise to an orthonormal basis elv] vJel of mJ- Indeed (elv —

t t t t t o B t
vjel)(e1vy, —vke]) = —djkere] —v;vy, so that B(e1v;

B(ev! — vjel, X) = 0 for each X € m, = 1 x so(n — 1). Similarly, we obtain an

—vj;el, ervf — vkel)— k- Moreover,
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orthonormal basis at any point £ € R" by conjugating with mg, i.e., ﬁ(ﬁnt —néh) is
an orthonormal basis of mg- whenever 1 runs through an orthonormal basis of ¢+. In
particular, the Casimir operator of mg- with respect to o is given by

Cas(mg Hf”z Zdo e &t — get)?,

where we used that we may let 7 from above run through an arbitrary basis of R™ since
£€ — €€ = 0. In the following we will show that

[0;,Cas(mg)] + BY;: C®(0,7) = C=(0,7).
We first calculate the commutator.

Lemma 2.6. We have

[aj,CaS(mg H§H4 Zda (ea€ — €el)?

=+ n—ifz&da( jé D) Zda aj dg(ea§ 7§€ )
T 2 * e

Proof. We directly obtain that

[(r“)j,CaLS(m§ H;ﬁiZd (ea® — €el)?

||£1||2Z(d“ (Xaj)dor(ea€’ = €€b) + dor(eat’ = E€l)do(Xay) )

Now note that [e,&" — &ely, Xoj] = Y p_q &e[Xaes Xaj] = Do pq E0(0a0Xaj + 0ajXea + Xje)
so that

(do(Xaj)dor(eat’ = gel) + doleat’ — el)do(Xoy))

M- 11M-

(2da(Xaj)da(ea§t —gel) + Lado(Xaj) + 00y > &odo(Xpa) + Y fzda(ij))

=1 {=1

B
Il
—

Il
b

Zda aj)do eaft—§e +Z§ada aj —&-Z&dc X)) —l—nz&da ie)

a=1 =1 =1

=2 do(Xa;)do(eq & —&el) + (n—2 Zﬁgda je). O
1

a=
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Before we use Lemma 2.5 to rewrite this commutator we first calculate some differ-
ential operators occurring in that lemma. By straightforward calculations we obtain the
following;:

Lemma 2.7. We have

Z £a(€a0; — &10a)(€aDa — €a0a) = §1€IPA = § B — (n — 2B

a,d=1

D GobalCadh — §0a)(Eada — €ada) = [I€]*A = IEIPE? — (n - 2)|[¢]°E-

a,b,d=1

We can now prove the aforementioned invariance result.

Proposition 2.8. The operator [0;, Cas(mé)} + B§ ; leaves each C*(o,7) invariant.

Proof. Using Lemma 2.5 and 2.7 we find that ﬁéz\li S do(ea€t — £et)?
e am1 40 (Xaj)do(ea€" — Eef,) equals

i( ||£||2 Z E8adTa \(Xap)dTg\(Xaa) — 2;do(9€" — €0")

2
el 2

+&(EPA = B> = (n=2)E) + > &udFg \(Xaj)dRo A (Xaa)
a,d=1

—do(gef — ¢,V E + |[€]*do(0e; — e;0") + &;do(9E" — €0")

- (glelPa - 652 - (- 25,5)

2 &; n R R n R -
- ||§|2<‘||5||2 > G8adRon(Xan)dFor(Xaa) + > €adfon(Xaj)dFo(Xaa)
a,b,d=1 a,d=1

- o(0€" — €01) — dolse — i€ B + € do(0e] - ) ).
Thus, using Lemma 2.5 again, we see that [9;, Cas(mg )] + Bg ; is given by

w7 (T > i (X () + D €aos (o) or (Ko

4y ot s
— &do (98" — £0") — do (&€l — e;€N)E + ||€|[Pdo (D¢’ — ejat))

+o 2 (dﬂa e e —geh) — GE+ ||€||23j) +&A = 2(E + p)d; — 2do(0e; — e;0")

||£||2
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2 ( |§|2 > &&adior(Xap)dRs(Xaa)

= ez
el R

- -2
S X R (X _n2 ij)
a,d=1

+ Z §admio \(Xaj)dTo\ (Xaa)
2¢;

||é“||2

do(0¢" — €0") —

2 t et
Wda(fej e;{E

”€”2 d7rg NS 563) +&A —2E0; — 20,

2 (_ & > Gbadfion(Xap)dFor(Xaa)

= ez 2
AN

- - . n—2
+ Y LadRio \(Xaj)dFor(Xaa) — & )
a,d=1
2¢;

||5||2d 708" = £0) -

2
||€||2 (d’]rg )\(6 ejgt) + é-J ||£||20J)E

”5”2 dﬂ'a A(€J§ feé) + A - 2E0; — 20;

2 n R -
- ||e||2< GE S Eaton(Xa)For(Xa) + 3 EatFon(Xa) o (Xad)
a,b,d=1 a,d=1

n—2 253 t " 26 o , ,
Z e E do (0t — €0t — E a7, : A
6 ) = tel0€ €0~ GERET 4 et —e) +6

2 <_ é.j Z €b€ddﬁa,)\(Xab)d%U,A(Xad)+ Z gdd%mA(Xaj)d%U,)\(Xad)

= T2 5
||€|| Hg‘l a,b,d=1 a,d=1

+ dwg,\(ejﬁt )

| || ;

The proposition now follows from the next lemma. O

Lemma 2.9. The operator Y, B, leaves each C>(o,T) invariant.
Proof. Let Xi,..., Xqim(m) be any orthonormal basis of m with respect to B. Then
{HaXla . 'aXdiIn(m)aNla . 'aNnaﬁla . aNn}

is a basis of g with dual basis —H, X1, ..., Xdim(m),ﬁl, ...,N,,Ni,...,N,. Thus, the
Casimir element of g is given by

Cas(g) = —H?+> X7+ N;N;+ N;N; =—H*+ > X?+> 2NN, + [N;,N,],

i=1 j=1 i=1 j=1
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where all terms H, X? and [N. i Nj] belong to the universal enveloping algebra of m @ a.
Since a,m and Cas(g) leave C*(, 7) invariant, so does the action of >77_, N,N;. But

Zdﬂ—a)\ dﬂ—a)\ Zé:JB)‘J = _Zng(OT,j — 2)\E,
j=1

where the Euler operator leaves C* (o, 7) invariant since it comes from the a-action. O
This proposition allows us to prove the main result of this section.
Proposition 2.10. Let 71,7 € J/W\el be two inequivalent representations. Then
1Peoe (g,m0) (Tg A (N ) e (0,71)) = Preoe (0,7 ([Cas(mg ), 95] + 2X0;) e (o,my) )

where preo y denotes the projection onto C>®(o,T2) in the decomposition (2.14).

(0,72
Proof. We write
1d7s\(N;) = BS; + 2X0; = BF; + [0, Cas(mg )] — [0;, Cas(mg )] + 210,

and apply Proposition 2.8. O
3. Eigenvalues of intertwining operators and explicit Hilbert spaces

In this section we find an explicit expression for the standard intertwining opera-
tors As » in the F-picture and use it to describe the irreducible subrepresentations and
quotients in the F-picture as well as the invariant inner products on them.

3.1. The F-picture of intertwining operators

Recall that for o € M with o ~ woo there exists a holomorphic family of intertwining
operators

Ao’,)\: Io’,)\ — Io’,f)\

It follows from [11, Chapter 8.3.1] that these operators are given by convolution

Agnf(@) = (Kon * f)(a /Kﬂx— fW)dy  (f €l

with a distribution kernel K, » € S'(R™) ® End(V,). This kernel can be written as

_ zat
Ko (z) = const x ||z]|>**Pg (In - 2W> (x e R"\ {0}),
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where o is extended to a representation of O(n) (unique up to twisting by the determinant
character) and where the constant depends on ¢ and A and is chosen such that K,
depends holomorphically on A € C and is nowhere vanishing.

By Lemma 2.3 the kernel of the map I, x — fm,\, f— ﬂRn\{o}7 is the largest finite-
dimensional subrepresentation of I, ». This subrepresentation is always contained in the
kernel of A, x by Proposition 1.3 and (1.4), so A, » induces an intertwining operator

z&m I — I, ﬂR"\{O} = Ag A SR\ {0}
Lemma 3.1. For all o € M and ) € C we have

\{0} * flRm\{0} (f € Ipn).

Ao Flrevjoy = (Ko * f)lRe 0y = Ko,

Proof. We first consider the case ReA = 0. Since K, € S'(R"), we have for every
feS(R™) C I, by the convolution formula

o —

(Ka,)\ * f) = [?o,)\ . J/c\ (31)

The convolution kernel K, » is homogeneous of degree 2\ — n, so its Fourier transform
I?a, » is homogeneous of degree —2\. Since Re A = 0, this implies that multiplication by
IA(W » extends to a continuous linear operator on L2(R™). By the Plancherel formula, the
same is true for convolution with K, x and (3.1) holds for all f € L*(R™). In particular,
it holds for f € I,y C L*(R™).

Restricting (3.1) to R™\ {0}, we have proven that the claimed formula is true for Re A = 0
and f € I, x. To show it for general \, we use analytic continuation. Fix f € IS in the
compact picture and use it to define a family f\ € I, x in the non-compact picture such
that every fy corresponds to f via the isomorphism I, y — I$P*. We have already shown
that

AorRilrevio) = Koalem o Frlrmgo) (3.2)
for Re A = 0. Viewed as distributions in &’'(R"™), the family f) depends holomorphically
on A, so also their Fourier transforms f,\ € §’(R™) and their restrictions f)\‘Rn\{O} €
D'(R™\ {0}) depend holomorphically on A. Using the holomorphy of the intertwining
operators A, » in A, the same argument shows that the left hand side of (3.2) as family
of distributions in D’(R™ \ {0}) depends holomorphically on A. To make sense of the

right hand side, we first note that the distribution kernel K,  can be written as
K, (x) = const x ||m||2()‘_p_k)q(x)

for some k > 0 and an operator-valued polynomial ¢ : R — End(V,,) independent of \.
(This can be seen by embedding o into a tensor product of fundamental representations
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of O(n) and writing I,, — 2% = ||lz||72(||z||*L,, — 2xz?).) This shows that the Fourier
transform of K,  is of the form

~

Ko (€) = const x q(ide) |€**~Y (€ € R™\ {0}).

In particular, it is a smooth operator-valued function R™\ {0} — End (V) which depends
holomorphically on A\. Multiplication of distributions by smooth functions is a continuous
operation, so the right hand side of (3.2) also depends holomorphically on A. Now, by
analytic continuation from Re A = 0 to all A € C, this shows the validity of (3.2) for all
A € C and the claim follows. 0O

The previous lemma shows that the operator Ea,  is in fact given by

o~ o~

ApriIoy = Iyny, Agsrf= IA(U7A|Rn\{o} - f.

The goal of this section is to find an explicit expression for the multiplier I?a, AR\ {0} -
By the A-equivariance of A, we find that K, (e 7€) = e K, (£¢) and hence

Ronl) = 1617 Rnn (757 ) = 1612 Ko (@)
Moreover, the M-equivariance implies
U(m_l) © ]?o,)\<£) © U(m) = Ko’,)\(m_l ), (33)

in particular, I~(g7,\(§) commutes with the action of M¢ by o. Hence, by Schur’s Lemma,
Ko 2 (&) acts by a scalar on each irreducible representation W-(§) of Mg that occurs in
the decomposition (2.13) of V,. Moreover, by (3.3) this scalar is independent of £, so we

can write

fN(a,A(ﬁ) = Z bo A (T) - idw, (¢ (£ e R"\ {0}).

70

To determine the scalars b, x(7), we will apply the intertwining property of 207 » for
n to a function f € C°(0,7) C IAU’,\ and project both sides onto another term C2°(o, ')
in the decomposition (2.14). To compute both sides, we need to understand how n acts
on C°(o, 7). By Proposition 2.10, the n-action can only reach those C2°(o, ') that are
reachable by one application of 9; for some j € {1, ...,n}. To describes these possibilities,
we first parametrize the representations 7 € J\/Zel.

We use the same parametrization as in Section 1.2 for the unitary dual of M., =
SO(n —1). Abusing notation, the highest weight of an irreducible unitary representation
7 of M,, is a tuple 7 € Z™ 1 such that 71 > ... > 7,2 > 71 > 0 if n = 2m is even
and 7 > ... > T2 > |Tm—1| if n =2m — 1 is odd. Then 7 < o if and only if
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O1>TI>092>2T0> . > Tl 2 |om| if n = 2m,

01271202272>---27m—220m—1Z|Tm—1| ifn=2m—1.

In terms of highest weights, we have the following description of those subspaces
C>*(o,7’) that can be reached from C*(o,7) by one application of J; for some j €

{1,...,n}.
Lemma 3.2. Let f € C*®(0,7) and v € R™, then

m—1

Oyf eC™ ) @ (COOUTJrez)@COO(J'r*el))
i=1
Proof. We have to show that
m—1
VEER™\ {0} 8,f(8) )& @D (Wrtes(€) © Wr—e,(6))-

i=1

Fix ¢ € R\ {0} we write v = af + w with a € R and w L . Since mé = ¢1, there
exists T' € m such that T¢ = w. Together we find

00 [(§) = ade f(§) + Ore f(§) = aEf(§) + Ore f(8)
= —adiio \(Ho) f(§) + (A = p) f(§) — dmg A (T) f(§) + do(T) f ().
The second term is clearly contained in W, (£). Moreover, since both M and A leave

C> (o, T) invariant, both d7, x(Ho) f and d7, »(T) f are contained in C* (o, 7), so the first
and the third terms are also contained in W, (). Finally, the fourth term is contained in

do(TYW,(€) = do(T)a(me)W, = o(me)do(Ad(me) ' T)W, C o(mg)do(m)W,.
Clearly do(m., )W, C W... To decompose do(m; )WT, we first note that, as a representa-
tion of M., we have m ~ R"~!. Hence, do(m )WT is a quotient of Wy o, .. 0y®@W-. The

possible highest Welghts in the tensor product are sums of 7 and weights of W, o
The latter are given by +e; and possibly 0. This shows that

and the proof is complete. O

Whether C°(o, T £ €;) can in fact be reached from C°(o, 7) by the n-action can now
be determined using Proposition 2.10:
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Proposition 3.3. Let 7 € J\//.Te1 and f € C°(0,7) C I, 5. Then for 1 <j<mn:

m—1
drs \(N;)f € C(0,7) @@( (0,7 +¢€;)BCF (U,T—ei))
=1

and

PLe (orte,) (Ton(N)) f) = —1(2A + 1 £ 2(7 + "=572)) Prese (o, e, (95 F)
(1<i<m—1). (3.4)
Proof. The first claim follows immediately from Proposition 2.10, Lemma 3.2 and the
fact that Cas(m5 ) = Cas(m) — Cas(mg¢) acts by a scalar on each W,(£). To show the

second claim we note that Cas(m) acts on both W, and W.y., by the same scalar
(depending only on o). Thus,

Preze (g rte,) ([Cas(mg ), 951f)
= PIcee (o,7+e;) ([Cas(m)v a]]f) — PIceo(o,r4er) ([Cas(mé), 8j]f)

= prCé?c (o,7£e;) ([aj7 Cab(mﬁ)]f) .

Since the action of Cas(mg) on W, (&) is given by

Cas(me)|w, (&) = —(T + 2ps0(n—1), T) - idw, (¢), (3.5)

where pgo(n—1) = %(n -3,n—5,...,n—1— 2["7_1J) is the half sum of the positive roots
of so(n — 1) and (-,-) the standard inner product on R™~! we obtain

DI (o r e, ([Cas(mg ), 951f)
= (T e+ 2pso(n-1), T £ €i) = (T + 2Pso(n—1), T))PTeee (0, r+e;) (05 f)
= (1 £ 2(7 + pso(n-1): €i))PTeee (0, r4e:) (0 f)
=(1+x2(r+ w))pr@o(g i (95).

Together with Proposition 2.10 this shows the claimed formula. O

Now we have introduced the necessary tools to determine the scalars b, (7). Let
f €C(o,7) and i be such that 7 + e; or 7 — e; is a highest weight of a representation
occurring in |y, . Then we have

~

PIece (o, rte;) (Aan © Ao A (N7)) f) = Prece (o, rte,) (dTo,—x(Nj) © Ao \) f)- (3.6)

We first calculate the left hand side using (3.4):
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~

prcgo (O',T:l:ei)((AO',)\ o d%a,)\(N]»f)
= 0o (T £ &) [l Pres (o,rte,) (dTon (N)) f)
= —ibe (7 % €) [T RA + 1 £ 2(7i 4 2350))Pres (0 e (05.)-

A similar computation can be carried out for the right hand side of (3.6), now using (3.4)
for —\ instead of A. Here we have to be slightly more careful, because the intertwiner
//1\(,7)\ multiplies f with [|£]|72* and afterwards 0; is applied to the product ||£]|=2*f.
However, since (9;||€]|=2*) f is still contained in C°(o, 7), its projection to C°(o, T £e;)
is zero. This yields the following expression for the right hand side of (3.6):

Preze (orten) (g, -2 (Nj) © Ag ) )
=~ (TN (2A+ 127 + 25=1)Prez e (031):

Therefore, we obtain the following recursion for the scalars b, »(7):
A+ 1£2(m + 2=251)) by \ (T ;) = (—2A + 1 £ 2(1; + Z=221)) - b, (7). (3.7)
Theorem 3.4. The intertwining operator ﬁm)\ : fa,A Ny — 15 given by

Agnf€) = lIEI™2 D" bor(7) - Pryy, ()£ (),

TR0
where
m—1
1 n . n .
boa(m) = () - T(Z +o1— N\ 1;[1 <5 Tt A)m—ml (5 —it A)m—w

for some entire and nowhere vanishing function y(\) of A € C.

Proof. We already argued above that ﬁg, » is of the claimed form for some scalars b, (7),
so it suffices to show the formula for b, (7). Solving the recursion (3.7) shows that b, x(7)
is a multiple of

”ﬁlr(g—wn—x) 59)
i F(%—i‘FTi—l-/\). '

This expression is meromorphic in A, so by the holomorphicity of A,V A we conclude that
the proportionality factor between b, »(7) and (3.9) is also meromorphic in A. Since /1,, A
is holomorphic and only vanishes (of order one) if the image of A, » is finite-dimensional,
we just have to find a holomorphic normalization of (3.9) which only vanishes (of order
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one) at A € § 4 |o1| 4 No. First note that, by the same argument as used in Section 1.2,
we can replace 7; by |7;] in (3.9). Multiplying (3.9) with the meromorphic function

P( +o01 — .

=1

produces the desired formula. O

Remark 3.5. In the previous discussion, we have found an expression for the existing
family of intertwining operators. It also seems possible to define intertwining operators
by the formulas in Theorem 3.4, and this construction would also have the chance of
generalizing to intertwining operators defined only on proper subrepresentations of IA,,, A
However, there are some subtleties that make such constructions complicated. For in-
stance it does not seem obvious that the expression for A(7 A»f in Theorem 3.4 is actually
contained in IU _, for every f € IU 2

Remark 3.6. For V,, = A” C™ the formula (3.8) was previously obtained by Fischmann—
(rsted [7, Corollary 4.2 and Remark 4.10] and Liu—Oshima—Yu [12, Proposition B.13] by
direct computation of the Fourier transform of K, (z). In this case 0 =e1 +---+ ¢, =
(1,...,1,0,...,0), so the possible values of 7 are ey +---+ ¢, and e; + - -+ + e,_1:

(A n
be __ YAy d
aler +-+ep) T(2£2 —y) (2 p ) an
() n
bor(er+-+ep1)=——m—— (= —p+A).
P r(2E2 - )) (2 )

3.2. Subrepresentations in the F-picture

We can now identify the irreducible subrepresentations and quotients of IAG, A
Proposition 3.7. Let 0 € ]/\4\, 1<i<m-—-1and0<j<o;— |ois1]-

(i) For i # 222 the irreducible subrepresentation J(o,i,j) resp. irreducible quotient

(0, 1,7) ofL,’)\ for X = p—i+|o,y1|+7 is via the Fourier transform F : I,  — fg,)\
isomorphic to

Joi, ) =La(r)n @  C*(o,7)  resp.

70
Ti>|oip1]+]
Q0,i,§) = Ioa/I(0,i,4) ~ I, xn P C=(o,7).

70
Ti<|oiy1]|+7
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(ii) For i = 251, the sum of the two irreducible subrepresentations J(o,i,j)* @
J(o,i,7)" resp. the irreducible quotient D(a, i,7) of Iy for A=p—i+ |ol+1\ +j
is via the Fourier transform F : I, x — 107,\ isomorphic to J(o,z,]) &) fi(a i,7)”
resp. ﬁ(a,i,j), where

a(a,i,j)i = :f @ C*>(o,71) resp.
TR0
+7i>5
Q(0,i,5) = I/ (3(0,i,5)" ®3(0,i,§)7) ~ Io.an P (0, 7).
T=0
|7i<J

Proof. By Lemma 1.5, the subrepresentations J(o,4,5) and J(o,4,5)" @& J(0,i,7j)” are
the kernel of the correspondlng intertwining operator A, x, so we only have to identify
the kernel of AU P Io’,)\ Ny —x in all cases. This boils down to determining for which
T we have b, x(7) = 0, so the claimed formulas for f(o,i,j) and f(a,i,j)i follow. The
identities for 55(0, i,7) follow in the same way from the fact that Q(o, 4, j) is isomorphic
to the image of the intertwining operator A\U, A O

Remark 3.8. Since a(a,i,j)"r and ﬁ(a,i,j)_ are both g-invariant, it follows that the
Fourier transform maps J(o,4,5)" onto one of them, but we did not determine onto
which of the two. We expect that an explicit computation of the Fourier transform of
some K-finite vectors would reveal this.

3.3. Ezplicit Hilbert spaces in the F-picture

We use the expression for the intertwining operators A\U, » obtained in Theorem 3.4
to construct explicit Hilbert spaces of vector-valued L2-functions for the unitarizable
composition factors.

Theorem 3.9. Let o € J/\/[\, a = a, =min{i: 0,41 =0}. Then

(Ffe) > Yalr) [ (orie, o f(6):pri, o ()] 21N

TS R0

defines a G-invariant inner product with respect to Ty x on

(1) the unitary principal series ]A},,,\ (A€iR) ifa(t) =1 for allT < 0.

(2) the complementary series fU,A (om =0 and [N < p—a) if a(T) = bo(T) for all
T=Xo0.

(3) the subrepresentation J(o,a,j) (for0<a< 251) orJ(o, 252, §)* and 3(o, 252, 5)~
(for a = "5%) ofIU,\ (with 0 < j < 04 and)\—p—a—i—]) if
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1 : 1
a(7) = —— = const X - - - -
( ) b”7_>\(7_) 21;[ (n—a—i+oi +J)|Ti‘_0'i+1(aiz+|7—i|7])0’1'—‘77'
(I7al > 7).

(4) the quotient Q(o,a,0) (for0 <a <m and j=0) offg,)\ (with A\ =p —a) if

a

a(T):bU,,\(T):constxH(a—i—i—aiH) | ‘<n—a—i—|—ri>
i=1 Ti—|0i+1

G'i_ITi‘

Proof. We recall the classical result that the sesquilinear pairing

LaxI, 5—C, (p4) / (@), (@) dz
Rn

is G-invariant. Since F is an isometry, this pairing gives rise to a G-invariant pairing in
the F-picture given by the same formula. Writing fi(§) = Y- <, prw, (¢)fi(§) shows the
claim for the unitary principal series. Twisting with the intertwining operator //1\07 \, We
obtain for every A € R a G-invariant Hermitian form

Ioax Iy = C,  (f1,f2) = / (f1(6), Agr fo(€)) 0 dE.
R~\{0}

Writing f;(§) = >, <, Pry, (¢)fi(§) and applying Theorem 3.4, this expression can be
written as

S bar(®) [ (0w, 019w, f2( €] .

T30 R\ {0}

This shows the claim for the complementary series. For A = p—a, this induces a Hermitian
form on the quotient Q(o,a,0) = Am)\/ker Em)\, so the claimed formula for this case
follows. This form is in fact positive semidefinite on IAJ » and positive definite on the
quotient since b, A(7) > 0 for all 7 < ¢ and b, (7) = 0 if and only if 7, > 0. To show the
claimed formulas for the subrepresentations J(o, a, j) and J(o, %, Nt @ I(o, ”T_l,j)_,
we view them as the image of EJ,_ » and consider the invariant Hermitian form

o~

im(;l\(,’,,\) x im(Aq,—») = C,

~

(Fio f2) = (Aongrs Ay _2gs) / (G1(6), A g2 (€)} dE.
Rn~\{0}

Again, by Theorem 3.4 this expression equals
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1
Z bo,—a(T) / <erT(£)fl(f)’PYWT(g)f2(§)>UHg“—zxdi.
. S ()

This implies the remaining formulas. O

Remark 3.10. Since invariant Hermitian forms on irreducible representations are unique
up to scalar multiples, the above arguments can also be used to decide whether a sub-
representation or quotient of fg’ A is unitarizable or not by inspecting the positivity of
the relevant coefficients b, (7).

4. Applications

We present two applications of the new models for the irreducible admissible rep-
resentations of G. The first one is a simple proof of the unitary branching laws for the
restriction to the parabolic subgroup P obtained by Liu-Oshima—Yu [13], and the second
one is a description of the space of Whittaker vectors.

4.1. Branching laws with respect to P

In [13] the authors obtain explicit branching laws for all irreducible unitary represen-
tations of G when restricted to P. Their proof relies on first calculating a specific functor
on the smooth part of principal series representations and then using properties of this
functor to derive the branching laws. We now describe how to derive these branching
laws from our results.

The infinite-dimensional irreducible unitary representations of P can be obtained as
induced representations. We fix the unitary character ¢ of N given by

Y(7y) = e (@er) (z € R™) (4.1)

and note that its stabilizer in M A is equal to M,,. For every 7 € ]\//.761 the induced

representation
L*Indy; (7@ ¥)
B B W - femn) = (@) "1r(m)"Lf(p) for all m € M., ,m € N,
=¢f:P—=>W;: f is measurable and fM/Mele | f(ma)||2 d(ma) < o

with the left regular action of P is irreducible and unitary. Every infinite-dimensional
irreducible unitary representation of P is of this form for precisely one 7 € M,,. In what
follows we also need a smooth version of the induced representation, so we consider

Coolndzelﬁ(T ® '(/)>

= {f:P — W, smooth : f(pmn) = (@) "r(m)~" f(p) for all m € M, ,n € N}
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and the subspace C° Indﬁqﬁ(ﬂg)w) of functions which are compactly supported modulo
M. W.

The following lemma identifies the subspaces C°(o,7) C fg, A and C*(o,7) with
induced representations:

Lemma 4.1 (cf. [13, Lemma 3.10]). Let o € M and X € C. For every T € J\//lte1 the map
C*(0,7) = C¥Indly_w(1®Y), fr fr, f:(B) = For(®) ' f)er) (BEP)

is a P-equivariant isomorphism (with respect to the action 7, on C>®(o,7)) which
restricts to an isomorphism between CZ°-functions and -sections. Moreover,

1503 = [ @Rl de  orattfec>on. (42

Rm\{0}

In the last identity we also allow both sides to be infinite.

Proof. By the definition of fa, A(T), every f, is a smooth function from P to W,. For any
m e M., Ny € N, and p € P we have

fr(pmig) = Fop(Ay 'm ™) f)ler) = €@ a(m™) (For () f) (mer)
= (r®)(m,7e) " f+(D),

where we used that me; = e; and that C*®(c,7) is P-invariant. Thus, f, €
c ‘X’Ind]]; N (T®7), and the P-equivariance is immediate from the definition. The inverse
is given by

&: C%ndly y(r®6) > C=(0,7), B(R)(E) i= €] Polme)h(meeslEI o)

Finally, the claimed identity for the L?-norms is a consequence of the action of M A in
Tox (see (2.7) and (2.8)) and the polar coordinates formula

_dg 1 (gn
/ / ey dt dim — /mngnn’ p € LL(R"\ {0}). O

M/Mc; R R™\{0}

Corollary 4.2. Let o € M anda = a, = min{i : ;41 = 0}. The following branching laws
hold:

(unitary principal series and complementary series) For A € iR or o, = 0 and
Al <p—a:

Ioalp ~ @L2Indp (T ).

T=0
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(unitarizable subrepresentations) For 0 <a <m and 0 < j < o4:

I(o,a,5)|p @L%dp (T @) if a # 252,
3

3o,a,5) T p®3(0,0,5) |5~ P L2IndP ~(T®Y) if a = 251,
70
|TuT>j

(unitarizable quotients) For 0 < a < m:

Q(0,a,0)|5 @L2Indp ~(T®1).

<o

Ta=0
Proof. By Proposition 3.7 and Theorem 3.9, each of the Hilbert spaces on which the
representations are realized is a direct sum of the completions of the relevant subspaces
./7:,7)\ NC> (o, 7) with respect to the L?-inner product given by the right hand side of (4.2).
The claim now follows from Lemma 4.1. O

Remark 4.3. To be able to compare our results with the ones in [13], we match their no-
tation with ours. The representations constructed in [13] are denoted by m;(v), 7 () and
7% (), where 7 denotes the infinitesimal character. We identify each of these representa-
tions with one of our representations J(c, 4, 5), J(0,4,7)* and Q(o,4,5). Then it is easy
to see that Corollary 4.2 is almost the same as [13, Theorems 3.20-3.24], with the only
difference that we are not able to distinguish between J(o, a, j)*|5 and J(o, a,j) |5

(i) If n is odd:
« Forae€{0,...,252} we have J(0,a, j) = 7/ (7) and Q(0, a, j) = m4(7y), where

Y= <01+P—1,~-~,0a+ﬂ—a»0a+1+P—a+]}0a+1+0—a—1,

1
0a+2+p—a—27...,0n;1+§>.
« For a = %51 we have TJ(U,"T_l,j)i =~ 7%(y) and Q (0, %51, j) = muos(v),
where

1 1
v = (01 +p—1,...70n71+§7]+§>.
Note that in this case, the representations 7% (
with lowest K-type (o1,...,0n-1,2(j +1)).
(ii) If n is even: For a € {1,...,% — 1} we have J(0,a,j) = 7,(7) and Q(0,a,j) =
7a(7y), where

) are discrete series representations



38 C. Arends et al. / Advances in Mathematics 491 (2026) 110868

y=(o1+p—1,....00+p—a,0041+p—a+j,0ar1+p—a—1,

Ua+2+p—a—2,...,0%).
4.2. Whittaker vectors

As in the previous section, we fix the unitary character 1 of N given by (4.1). For a
Casselman—Wallach representation (m, V) of G we write V’ for the continuous dual of V'
and denote by

Why (1) = {W € V' : W(n(n)v) = ()W (v) for all v € V., € N}

the space of Whittaker vectors on m with respect to 1. Since M., is the stabilizer of ¥,
the space Why () carries an action of M., by

m-W =W or(m)™* (m € M, ,W € Why(m)).

Using Proposition 3.7 we can easily describe Why,(7) for all irreducible Casselman—
Wallach representations of G. To do so, we first recall the description of Why, (7, ) for
all 0 € M and X € C in terms of Jacquet integrals (see e.g. [19, Theorem 15.4.1]):

Theorem 4.4. For every o € M and X € C we have
Why (m5,0) = {W,\ :n €V},

where T/V;iA € Ii")\ is the unique functional satisfying

W2, (¢) = / e@)(m) de  for all p € (L'R™) @ Vy) NIz,
R»

Note that by the definition of the Fourier transform, we can write
W) = (2m)% - n(B(er)) for all p € (LY(R™) @ V) N 1, ».

It follows from [13, Proof of Lemma 3.9] that for k£ > —2Re\ and all ¢ € I, » we have
dr(N1)*¢ € L'(R™) ® V. Therefore, by the N-equivariance of W, the observation
above and (2.9), we have

—

W) = "W\ (dre a(N1)*p) = (2m) 51 - (d7e n (N1)Fp(er)) = (27) 2 n((en)),

i.e. the Whittaker functionals are given by evaluation of the Fourier transform at e; for
all vectors in I y.

The previous statement classifies Whittaker vectors for all irreducible principal series
representations 7, . Moreover, since
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ag,

m:- W:,/\ = WU,)Em)n (m € Menn € V(;)a

where (0/,V!) denotes the contragredient representation of (o,V,), the M,,-module
structure of Why(7,,5) is given in terms of the decomposition of V into W. (1 =< o)
dual to (2.12):

Wh(mox) = @)W n € Wy = W

70 70

To determine the space of Whittaker vectors on quotients of 7, », it is clearly sufficient
to determine which Whittaker vectors on 7, » vanish on the subrepresentation that is
quotiented out. It turns out that Whittaker vectors on subrepresentations are all given
by restrictions of W(f - Together, we obtain the following description of the space of
Whittaker vectors for all irreducible Casselman—Wallach representations of G:

Corollary 4.5. Let o € M and a = a, = min{s : 0,41 = 0}.

o If 7y 5 is irreducible, then

Why(mo0) = DIV, :ne W/}~ P W

70 70

e For0<i<aand0<j<o;—|oi11] we have

th( (0’27])): @ { ,\|3 (0,3,5) + nEW;—}

70
Ti>|oip1|+7

/ -r s n—1
@ WL ifi# 5=,
70
Ti>|oip1|+J

th(j(U,i,j)+ D j(U’ivj)_) = @ { A|3(cr i) - €E W_,/_}

70
[Ti|>|oit1]+5

~ / e op—1
~ @ Wo ifi= "5,

70
[7i|>|oit1]+3

12

and

Why(Q(o,i,) = @ {Wlimew~ & W,

T=0 70
Ti<|oit1 |+ Ti<|oit1|+i

where we put Tg = +00.
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Proof. Again, we solve the problem in the F-picture fa’ » instead of the non-compact
picture I, . Here the Whittaker functionals are given by evaluation at e;. Since the
decomposition (2.14) is N-invariant, it suffices to study the evaluation at e, on every
space C*®(o, 7). But for f € C®(c,7) we have f(e;) € W;, so n(f(e1)) is zero unless
n € W.. Together with the description of the composition factors in terms of their
projections to the spaces C* (o, 7) in Proposition 3.7 this shows the claim. O
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